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ABSTRACT 

 

     The Free Space Optical (FSO) communication i.e. optical communication without 

fibers is slowly becoming quite popular as fiber and its installation cost as well as 

difficulties involved becomes zero. The FSO communication is already making its 

impact in deep space communication and is expected to replace the existing optical 

fiber communication systems in the near future. In order to further speed up the 

optical communication, the Multiple Input/Multiple Output (MIMO) technology from 

microwave MIMO systems is being investigated. The characteristics of the Multiple 

Input/Multiple Output Free Space Optical communication systems using APD 

receivers have been discussed. The APD-based receivers for MIMO FSO systems 

under normal working conditions are designed and the characteristics of the 

components, such as InGaAs APDs, GaAs MESFET transimpedance amplifiers, a 

matched filter and an equalizer, etc., are considered. The probabilistic analysis of a 

FSO channel, APDs and noise in the FSO systems has been carried out. 

     The main contributions in this dissertation are: obtaining the detailed closed-form 

expressions for the upper bounds of the error probabilities, analyzing the impacts of 

different parameters in MIMO FSO systems, and thorough analysis of a more 

complex model of the MIMO FSO system involving Webb distribution for APD-

based optical receiver, the probabilistic analysis of the detection for pulse position 

modulation signaling and the transmitted symbol matrix for MIMO FSO equal gain 

combining systems.  Using this detailed analysis the average symbol error probability, 

average bit error probability and average pairwise probability are also obtained. The 

equations have been derived by using the Fourier series analysis method. The 
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modified Gauss-Chebyshev method for error probability calculation is also proposed. 

Results for average SEP and average BEP under different parameters are obtained and 

the impact of these parameters on MIMO FSO systems is also discussed.  
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CHAPTER      1 

INTRODUCTION 

 

      Free Space Optical communication, also known as optical wireless 

communication, has emerged as an attractive technology. It has the potential to 

bridge the ‘last mile’ gap that separates homes and businesses from high 

bandwidth access to the larger wired network or for linking intranets with 

corporate campus. At the same time, FSO has received significant attention as a 

technology for deep space ground-to-orbit communication and as a supplement to 

more conventional radio frequency (RF) or microwave links.  

      FSO is a method with highly efficient energy usage. It is also cost-effective 

and offers high-speed wireless connectivity. It uses very narrow and directional 

beams to achieve smaller divergence than a RF signal. The RF spectrum is 

becoming increasingly crowded and the demand for available bandwidth is growing 

rapidly. Since conventional wireless is a broadcast technology, all subscribers within 

a cell must share the available bandwidth and their base station powers must be 

limited to allow spectrum reuse in adjacent cells. Thus individual subscribers can 

obtain only modest bandwidths, especially in dense urban areas. Optical wireless 

provides an attractive way to circumvent such limitations. This line-of-sight 

communications technology avoids the wasteful use of both the frequency and spatial 

domains inherent in broadcast technologies. FSO provides benefits including ultra 

high wireless bandwidth, secure wireless transmission, license free operation and 

prompt installation, etc. 

      However, because the optical wave propagates through the air, which is a 

medium with inhomogeneous refractive index, the beam experiences fluctuation in 
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amplitude and phase due to the molecular absorption, aerosol scattering and  

atmospheric turbulence. This intensity fluctuation, also known as scintillation, is 

one of the most important factors that degrade the performance of an FSO 

communication link, even under clear sky conditions. This is caused by changes in 

signal amplitude known as channel fading. Channel fading causes the attenuation 

of the optical signal when it makes its way through the FSO channel to the 

receiver.  

      Currently, the application of FSO for wireless Local Area Network (LAN) 

usually has the data rates of 1.5Mb/s to 2.5 Gb/s and covers one or two kilometers. 

For deep space optical communication applications, Q-switched lasers typically 

are employed. Their peak power can be several giga-watts for overcoming deep 

space losses, but this leads to much lower pulse repetition rates, for example, 

several megahertz (MHz). Thus, there is a tradeoff between bandwidth and 

transmission distance in optical communication. 

      The FSO communication link model must be analyzed and simulated 

accurately, since the choice of a suitable architecture, the optimal algorithms and 

the demodulation performance directly depend on the characteristics of the FSO 

channel itself and the properties of the optical components to be used. In the 

receiver, the discrete time demodulation architecture, which combines the post 

detection filtering and slot synchronization, is one of the crucial parts of such 

systems [1-3].  

      For optical wireless communication, direct detection has more advantages than 

that of coherent detection. There is no need to detect the signal phase, which has a 

greater degree of susceptibility due to atmospheric turbulence. In order to fit for 

the infrared communication requirements, one of the direct detection techniques, 
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known as Pulse Position Modulation (PPM) is an attractive modulation technique 

in FSO. In recent years, NASA has been considering optical links for Mars Laser 

Communication Demonstration (MLCD), and has proposed the use of PPM and its 

different variants as the modulation format for the links along with PPM capacity 

formulas [1]. With this coding technique, M bits of information are encoded onto 

one of L = 2M PPM symbols by establishing a one-to-one correspondence 

between the possible states of M binary digits and the location of an optical pulse 

among L possible slots [1-2]. A key requirement for optical communication, 

especially deep space optical communication, is a sufficient peak laser power level 

for the transmitted signal to survive large deep space losses.  

In order to enable transmission under the strong atmospheric attenuation and 

turbulence, the use of multiple-input multiple-output is introduced to optical 

communication. It is necessary to combat channel fading, improve system 

performance and overcome distance limitations [3] [4]. By using the space and 

time diversity of MIMO, multiple replicas are provided by channel coding, such as 

Space Time Block Code (STBC), Space Time Trellis Code (STTC) and Bell Labs 

Layered Space-Time Architecture (BLAST), etc. In theory, by using the multi-

laser multi-detector array, the channel capacity, the bandwidth and the 

transmission distance, can all be improved significantly.  

      In current RF communication, MIMO techniques have already been developed 

as practical products and implemented in the market. The IEEE802.16 supports 

MIMO and uses the Alamouti-based Space Time Block Coding. Although the 

current products utilize simple MIMO schemes due to technique complexity 

considerations, MIMO is still a promising technique and is considered as a 

revolution in wireless communication. However, in order to make MIMO a 
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practical technique in FSO, many aspects need to be investigated. Although the 

multi-laser multi-detector array concept is analogous to MIMO in wireless RF 

communication, the underlying physics is different and several aspects of the 

MIMO approach applied to the optical problems are different than the RF 

counterpart. 

      Firstly, for MIMO FSO communication, PPM is employed and the pulses of 

laser beam are used to transmit the information data. The PPM signal is 

transmitted through the block fading FSO channels and is detected by direct 

detection. The intensities of the received PPM signals are used for detection. Thus 

the signals of MIMO FSO systems are non-negative and real, and are not complex. 

But the RF communication generally uses QAM, PSK or other modulation 

techniques, which require amplitude and phase to transmit the information making 

them quite complex. The negative symbols in the STBC schemes for RF systems 

cannot be implemented directly in the FSO system and innovative STBCs for FSO 

MIMO systems are needed. 

      Secondly, the PPM is the orthogonal and power-limited signaling technique. In 

this equal-energy orthogonal signaling scheme, each PPM symbol includes several 

time slots and each time slot is exposed to noise during transmission. Thus each 

PPM symbol has the noise impact on different time slots. Whereas in RF 

communication, the QAM symbol or the PSK symbol occupies one time slot using 

amplitude and phase modulation and is exposed to the noise only in one slot. Thus 

the demodulation and the error probability calculations are totally different from 

those of PPM. Furthermore, efficient STBC schemes and performance analysis 

suitable for MIMO FSO systems are required.  
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      In recent publications, several different multi-laser multi-detector techniques 

are studied by using the Chernov bound, the block fading channel and the 

simplified optical receiver model [3] [4] [5]. Among the different methods of 

MIMO, Space Time Block Coding (STBC) has more advantages because it is 

much less complex than others for the same configuration, such as space time 

trellis code and Bell Labs Layered Space-Time Architecture scheme. For a fixed 

number of transmission antennas, the decoding complexity of a space time trellis 

code increases exponentially as a function of the spectral efficiency [6]. The 

repetition coding scheme is also a simple coding scheme but does not fully use the 

time diversity for MIMO FSO systems [7]. The Alamouti-based Space Time Block 

coding is the preferred choice, especially due to its remarkable computational 

simplicity and satisfactory performance capability [6, 8]. But it uses more energy 

for transmitting the PPM symbols when the negative symbols are needed to 

transmit, and results in lower energy efficiency on a per bit basis. Enzo Baccarelli 

proposed a new family of STBC for MIMO Impulse Radio Ultra-Wideband (IR-

UWB) systems, using the orthogonality of different waveforms of pulse to identify 

the different transmission [9, 10]. Chadi Abou-Rjeily and Wissam Fawaz proposed 

a STBC scheme for MIMO FSO and IR-UWB systems using the cyclic division 

algebra [11]. More research on the STBC for MIMO FSO systems is still required.  

      For performance analysis, many publications have modeled the MIMO FSO 

system and have analyzed the error probability. Neda Cvijetic and Stephen G. 

Wilson have obtained the performance analysis for MIMO FSO systems with APD 

receivers in atmospheric turbulence [12]. But they only gave a simplified 

expression for the equation, and could not obtain a closed-form expression due to 

the intractable complexity involved. Ehsan Bayaki and Robert Schober analyzed 
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the performance of MIMO FSO systems in Gamma–Gamma fading [13]. They 

only calculated the error probability for OOK and binary PPM using exact 

equations and approximated the equation for the Q-ary PPM scheme [13]. In 

Appendix A of [13], the slots in the one Q-ary PPM symbol are treated equally 

during the calculation of the error probability resulting in errors [13]. In addition, 

they did not consider the impact of the primary photoemission process and the 

secondary photo-multiplication process in APD.  

      The design of coded MIMO FSO configurations for efficient transmission of 

information can be divided into two basic approaches: the algebraic approach, 

which is primarily concerned with the design of coding and decoding techniques 

for specific codes for MIMO FSO systems, and the probabilistic approach, which 

deals with the performance analysis of a general class of coded signals or 

configurations. The latter approach yields bounds on the error probability that can 

be attained for communication over a FSO channel having some specified 

characteristic and is very important in designing STBC for MIMO FSO systems. 

      In this dissertation, the probabilistic approach is adopted for MIMO FSO 

systems. The performance of MIMO systems using PPM over different FSO 

channels with weak turbulence is analyzed in detail. A detailed method is provided 

for calculating the performance measures in order to obtain more exact closed-

form results or a tighter closed-form upper bound. The average bit error 

probability, the average symbol error probability and other parameters of the 

system performance are first calculated in detail for MIMO FSO systems over the 

block fading FSO channel. Then these results are used to obtain the performance 

analysis of Single Input Single Output (SISO) FSO system. This is very useful for 
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analyzing the characteristics of MIMO and SISO FSO systems and for designing a 

suitable STBC scheme or a better MIMO configuration for FSO systems.  

      If the impact of each parameter is not considered for a simple PPM 

demodulation scheme and APD receiver, this results in some errors in the 

performance analysis. In this dissertation, more detailed models of FSO channels, 

PPM demodulation, APD devices and optical receivers are considered for more 

accurate results. Closed-form equations of the upper bounds for the average bit 

error probability, average symbol error probability and other parameters are 

obtained. As the parameters change, the diagrams of the average bit error 

probability, the average symbol error probability and other parameters are 

obtained and analyzed. The calculation error and truncation error are analyzed in 

detail. Future research directions are also suggested. 

      This dissertation is organized as follows. Chapter 1 reviews MIMO FSO 

technology and summarizes the work accomplished in this dissertation. Chapter 2 

presents an overview of Free Space Optical communication systems. Chapter 3 

discusses multiple-input multiple-output systems with the free space links. Chapter 4 

calculates closed-form upper bounds for the average error probabilities for MIMO and 

SISO FSO systems. The calculation error and truncation error are discussed in detail. 

Chapter 5 analyzes the calculated results and diagrams of the average error 

probabilities and other parameters. Chapter 6 concludes the dissertation with a 

summary of the contribution of the work in the dissertation and discusses directions 

for future research and applications. 
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CHAPTER      2  

FREE SPACE OPTICAL COMMUNICATION SYSTEMS 

 

2.1 Comparison of FSO, Radio Frequency and Optical Fiber Communication 

Free Space Optical Communication is a license-free and cost-effective access 

technique, which has attracted significant attention recently due to a variety of 

applications. By using laser beams passing through the free space, the information, 

such as voice, data and video, is transmitted between the users and the servers. Due to 

this reason, the FSO is also called optical wireless communication. FSO has the same 

enormous available bandwidth as the optical fiber communication. Optical wireless is 

becoming an attractive option for the multi-gigabit-per-second (multi-Gb/s) short 

range (up to 2~3 km) links and a complementary or backup plan for the current fiber 

or radio frequency network [1]. Through relaying technique, outdoor FSO optical 

transceivers can also cover long distances. With its high-data-rate capacity and wide 

bandwidth on unregulated spectrum, FSO communication is a promising solution for 

the “last mile” problem. However its performance is highly vulnerable to adverse 

atmospheric conditions. 

     FSO inherits the advantages of wireless communications over wire 

communication, such as offering the possibility of rapid wireless deployment, 

flexibility of establishing temporary communication links, and reducing the cost of 

reconfiguration and wire placement. FSO also has more advantages than RF and has 

emerged as a commercially preferred choice and a viable alternative to RF and 

millimeter wireless communication. It has the following main advantages: 
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(i) Bandwidth: From a spectrum management point of view, license-free FSO offers 

potentially huge bandwidths that are currently unregulated worldwide and can 

therefore support more users compared to RF communication.  

(ii) Beam-width: FSO uses very narrow and directional beams to achieve smaller 

divergence than RF signals. The narrow beam-width is on the order of a few milli-

radians. FSO is a method with highly efficient use of energy and it is more secure 

than RF communication. 

(iii) Immunity to electromagnetic fields: FSO is immune to electromagnetic 

interference, which is very useful for applications in special environments. 

(iv) Infrared (IR) components: Further advantages of FSO over RF include the low 

cost, the small size, and the limited power consumption of infrared (IR) components. 

FSO communication systems can make use of the same opto-electronic devices that 

have been developed and improved over the past decades for optical fiber 

communications and other applications.  

     Comparing with optical fiber communication, the FSO link has the advantages of 

easy deployment, quick installation, lower cost and the reduced possibility of 

interference or interception, etc. Firstly, optical wireless technologies have the 

benefits of mobility for user convenience and flexibility in the placement of terminals. 

Secondly, by using optical wireless solutions with reliable and rapid deployment, 

significant reductions in cost and time can be achieved in a number of applications. 

For instance, reconfiguring computer terminals or microcontroller systems in 

laboratories, conference rooms, offices, hospitals, production floors, or educational 

institutions, can be done at relatively reduced cost and faster. For short range links 

with multi-gigabit bandwidth requirements, laying optical fiber is too expensive or 

impractical. Usually the cost of fiber communications per kilometer in the range of 
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1.5 km around the switching center is 100,000~200,000 dollars. About 80% of this 

cost is used for laying the fibers underneath the ground and equipment installation. On 

the other hand, maintaining and reconfiguring wired networks, is usually more 

expensive, time-consuming and complicated. Furthermore, cables are susceptible to 

damage, which can potentially disrupt network operation. Thirdly, FSO is a good 

practical choice for some special conditions, especially in situations where cables are 

grounded or installed in inaccessible locations, as in memorial and historical 

buildings, hazardous manufacturing plants, temporary and mobile emergency stations 

or field tests [1- 4]. Currently it is widely believed that optical wireless can be used 

for multi-Gb/s communication [1]. 

Besides these advantages, FSO also has the following drawbacks [1- 4]:   

(i) FSO requires line of sight since optical wireless links are susceptible to 

blocking by persons and objects, which can result in the attenuation of the 

received signal or in the disruption of the link depending on the configuration 

of the system.  

(ii) In addition, FSO systems generally operate in environments where other 

sources of illumination are present. This background illumination, such as the 

radiation from the sun, the moon or other sources, has part of its energy in the 

spectral region used by FSO transmitters and receivers. This introduces noise 

in the photo-detector, which limits the range of the system. 

(iii) FSO systems are also affected by high attenuation due to scattering, 

absorption and scintillation when the IR signals are transmitted through air. 

Atmospheric phenomena, such as fog, aerosols, snow and rain droplets further 

reduce the range of the system and deteriorate the quality of the transmission 

when operating outdoors. 
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(iv) FSO narrow beam-width also implies the need for careful directional 

pointing. Otherwise building vibration or sway can introduce signal strength 

fading in the link. 

Some of the drawbacks presented by FSO, such as attenuation and background 

illumination noise, can be compensated to some extent by increasing the optical 

power level at the transmitter. Unfortunately, due to the fact that high emission power 

from some emitters can be potentially dangerous to the retina and because of power 

budget considerations, there is a limit to the optical power that can be safely and 

efficiently emitted by FSO transmitters [1- 4].  

An approach using multiple lasers and multiple photo-detectors, also called 

MIMO, has recently been proposed and investigated. Due to its complexity, 

currently practical MIMO FSO systems adopt comparatively simple schemes. 

However MIMO FSO is still a promising technique and is considered as a 

revolution in wireless communication.  

 

2.2  Modulation and Detection Scheme for FSO 

2.2.1  Wavelength Choice 

Many FSO vendors have traditionally used the 780 nm to 850 nm near-infrared 

spectrum for cost reasons. But the 1550 nm band, the choice of the fiber-optic 

telecommunication industry, is better suited for optical wireless.  

The 1550nm band can transmit more power and is safer for human eyes 

compared to the 780nm band. Because of the properties of the human eye, the safe or 

allowable power density at 1550 nm is nearly 50 times than that at 780 nm [1]. 

Consequently, significantly more power can be transmitted in the 1550 nm band to 

overcome attenuation by fog. The Food and Drug Administration (FDA) considers a 
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power density of about 100 mW/cm
2 

at 1550 nm (or 1 mW/cm
2 

at 780 nm) safe to the 

unaided eye [1]. Assuming a beam with a Gaussian profile is transmitted with 25 mm 

1/e
2 

diameter, approximately 245 mW at 1550 nm can be transmitted and still be eye-

safe[1].  

The second benefit is the higher transmittance of this band. The atmospheric 

transmittance for different wavelengths of radiation is shown in the Fig. 2.1. The 

commonly used wavelengths close to 850nm or 1550nm have transmittance in the 

range of 75% to 80% [5]. The 1550 nm band includes reduced solar background and 

scattering (attenuation) in light haze and fog [1]. 

 

Figure 2.1  Atmospheric transmittance for different wavelengths Ref [1] 

The third benefit is a wide range of available components because of the heavy 

investment in the 1550 nm technology for the telecommunication sector.  

The disadvantages of this band are: slightly lower detector sensitivity (by a few 

dB), higher price of components and more difficult alignment [1]. However, all of 
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these are outweighed by considerably higher available transmitter power. In this 

dissertation, the 1550 wavelength is employed.  

 

2.2.2 Direct Detection Modulation  

There are two kinds of modulation techniques associated with FSO: direct 

detection modulation and coherent detection modulation. According to the 

characteristics of FSO communication systems, direct detection modulation has 

more advantages compared to RF systems [1, 6]. 

i) Direct detection systems use the intensity of the light pulse to detect the signal. 

They can accept a high-order mode beam or even multimode light beam such 

as LED and multimode laser beams as their light sources. Usually these 

systems do not require diffraction-limited beams and are easier to sustain 

compared to coherent detection systems. The multiple mode beams use the 

lasing volume more efficiently than single mode beams and are easier to 

generate. Thus they are more electrically efficient and result in better trade-

offs between transmitter efficiency and beam quality [6]. According to the 

characteristics of FSO communication in the range of several kilometers, the 

main difficulties of FSO transmission are signal attenuation rather than signal 

dispersion. This is different from the optical fiber communication, where 

dispersion is considered a more serious problem. The energy efficient 

multimode beams can provide more energy to combat link fading and signal 

attenuation.  

ii) Direct detection systems have less complex detection circuits than coherent 

detection systems for the high speed optical communication. Coherent 

detection systems have phase detection circuits and use a coherent optical 
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reference, such as a local oscillator, which can add more problems such as time 

synchronization. Usually coherent detection requires the systems to be 

diffraction-limited.  

iii) Direct detection systems can use aperture averaging technique to lower the 

beam perturbations, reduce the fading impact and increase the signal to noise 

ratio (SNR) of the optical signals. Aperture averaging in coherent detection 

degrades SNRs.  

iv) Direct detection systems are less complex and are susceptible to phase 

perturbation due to atmospheric turbulence and surface scatter. Since the 

coherent detection systems use the amplitude and phase to detect the signals, 

they are more susceptible to the effects of the atmospheric turbulence due to 

their sensitivity to phase perturbations across the detector [6]. The impact of 

atmospheric turbulence on coherent detection systems is quite different from 

that of direct detection systems. The fact that out-of-phase signal components 

mixing on a detector surface of heterodyne system can cancel, suggests that the 

random spatial phase fluctuations of a scintillating beam could also limit the 

sensitivity [6]. There is an upper limit to the size of the receiver aperture, or 

equivalently, the range performance of a coherent system operating in a 

turbulence atmosphere.         

 

The main disadvantage of direct detection is that for small signals or strong 

noise sources, direct detection receivers may not reach the shot noise limit and 

consequently may suffer additional performance penalties compared to coherent 

receivers. 
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2.2.3 Pulse Position Modulation  

One suitable direct detection scheme for FSO is Pulse Position Modulation. 

PPM is considered as an attractive modulation technique for infrared optical wireless 

communications. The research on optical free-space communication dates back to 

1960s. Standard pulse position modulation is an average energy strategy. As the 

number of slots increases, it also mitigates against the impact of the background 

radiation. In recent years, NASA has adopted PPM coding for deep space 

communication systems and has been considering optical links for Mars Laser 

Communication Demonstration (MLCD). They have proposed the use of PPM and its 

variants as the modulation format for the links and have provided some PPM capacity 

formulas [7]. There are many PPM schemes proposed, such as differential PPM 

and multiple pulses PPM [8, 9]. But these schemes have their drawbacks in some 

aspects and have difficulties in practical implementation [9]. Standard PPM is still 

considered as the basis of this technique and is implemented in practical systems.  

For the standard Q-ary PPM technique, ܳ bits of information are encoded onto 

one of ܮ ൌ 2ொ PPM symbols by establishing a one-to-one correspondence between 

the possible states of ܳ binary digits and the location of an optical pulse among ܮ 

possible slots [10]. In the demodulation section, each PPM symbol can be decoded 

into one of ܳ bits of information, according to the location of an optical pulse among 

the ܮ slots in one PPM symbol duration. The time slot duration is ௦ܶ௟௢௧ and one PPM 

symbol duration is ௦ܶ௬௠௕௢௟ ൌ ௦ܶ௟௢௧ ൈ  An example of the PPM symbol set is shown . ܮ

in Figure 2.2.  
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Figure 2.2  Example of PPM symbol set 

As a high energy incident laser beam will damage the human retina, there is a 

limitation of the peak power transmitted by laser pulses in free space applications. 

This is the main reason for a limited range of FSO in free space applications [11]. As 

a result, a modified and efficient method of PPM communication without increasing 

its peak power is of utmost interest. 

For deep space applications, the key requirement is a sufficiently large peak 

power for lasers to survive space losses. Q-switched lasers are typically employed 

resulting in kilowatt or gigawatt peak power to combat the huge deep space 

attenuation. A typical Q-switched laser (e.g. a Nd:YAG laser) with a resonator length 

of 10 cm can produce light pulses of several tens of nanoseconds duration. Even when 

the average power is well below 1 W, the peak power can be many kilowatts [12]. 

     In this dissertation, the main focus is on free space communication with direct 

detection, such as standard Q-ary PPM or OOK, which are frequently used in 

practical systems.  
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2.3 Characteristics of Free Space Optical Channel 

2.3.1 Gaussian Beam Propagation 

     In a FSO system, the laser beams are transmitted through free space and are 

scattered by the air medium. When the laser beams pass through the atmospheric 

media, there are many aerosol particles in the paths. These particles absorb and scatter 

the energy of laser beams and cause the attenuation and dispersion of the optical 

signal. For lower dispersion values, the single mode lasers are selected although 

multimode lasers can give more power than single mode laser under the same 

conditions. However, if single mode lasers are used in MIMO systems, the 

disadvantage of less transmitted power per laser can be overcome by using the 

multiple lasers to make the total transmitted power sufficiently large. For transmitters 

with single mode lasers, the propagation of laser beams in free space can be described 

by Gaussian beam theory. The intensity of a Gaussian beam is given as [6] 

ܫ ൌ ,ݎሺכܷ ሻݖ ڄ ܷሺݎ, ሻݖ ൌ ௔బ
మఠబ

మ

ఠమሺ௭ሻ ݁
షమೝమ

ഘమሺ೥ሻ ൌ ଴݁ܫ
షమೝమ

ഘమሺ೥ሻ                      (2-1) 

The on-axis intensity at the ݖ location [6]: 

଴ܫ ൌ |ܷ଴ሺݎ, ሻ|ଶݖ ൌ ଶ௉೟
గఠమሺ௭ሻ                                        (2-2) 

where ܷሺݎ,  ሻ is theݖሻ is the complex wave amplitude of the Gaussian beam, ߱ଶሺݖ

beam radius or spot size of Gaussian beam at the ݖ location given as [6] 

߱ଶሺݖሻ ൌ ߱଴
ଶ ൤1 ൅ ቀ ఒ௭

గఠబమቁ
ଶ

൨                                    (2-3) 

where ߱଴
ଶ  is the beam radius of Gaussian beam at the beam waist ݖ ൌ 0 location. 

The total transmitted optical power ௧ܲ of the Gaussian beam is obtained as [6]. 

 ௧ܲ ൌ గ ௔బ
మఠబ

మ

ଶ
                                                   (2-4) 
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where a଴ is a constant, ௥ܲ is the received optical power of the Gaussian beam at the z 

location of the receiver. In a FSO data link, if only the space loss is considered, the 

relationship of ௧ܲ and ௥ܲ is the ratio of the received aperture area ܣ௥ to the transmitted 

beam area ܣ௕ given as [6]  

௥ܲ ൌ ௥ܣ଴ܫ ൌ ଶ௉೟஺ೝ
గఠమሺ௭ሻ ൌ ଶ஺ೝ

஺್
௧ܲ                                  (2-5) 

where ܣ௥ is the receiving aperture area of the lens at the receiver and ܣ௕ is the half-

power spot size’s area of the transmitted beam at the receiver ܣ௕ ൌ   .ሻݖଶሺ߱ߨ

 

2.3.2 FSO Channel Model and Turbulence 

In FSO communication, when the optical wave propagates through the air, the beam 

experiences fluctuations in amplitude and phase due to atmospheric turbulence. This 

is due to the fact that air is a medium with inhomogeneous refractive index due to 

temperature and pressure variations. This intensity fluctuation, also known as 

scintillation, is one of the most important factors that degrade the performance of an 

FSO communication link, even under clear sky conditions. This is also known as 

channel fading, which changes the signal amplitude and phase for every channel. The 

dominant atmospheric effect that impacts optical communication is attenuation of the 

signal by scattering and absorption. Molecular scatter and absorption of major 

atmospheric constituents is relatively insignificant. Though rain and snow can cause 

attenuation up to approximately 40 dB/km and 100 dB/km, respectively, fog is by far 

the most serious problem. In extremely heavy fog, attenuation as high as 300 dB/km 

has been reported [14]. 

     In the absence of attenuating elements, the atmosphere is best modeled as a 

random phase medium that changes with time. To a first order approximation, the 
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atmosphere introduces a random beam deflection. For example, on a sunny day the 

rising hot air makes the refractive index of air go up with height and in extreme 

conditions can result in a mirage[1]. Such an index of refraction change near the 

transmitter tends to deflect the beam causing “beam wander” [1]. The same effect 

near the receiver, however, causes the beam to appear to have come from a different 

place known as angle-of-arrival fluctuations [1]. The magnitudes of these effects are 

largely dependent on the index of refraction fluctuations and propagation distance. In 

extreme conditions over distances of several kilometers, the atmospheric induced tilt 

can vary as much as 100 μrad at a rate of tens of Hertz [1].  

     Second-order effects, i.e. small-scale turbulence, can also play an important role in 

disrupting optical communication. Small-scale phase fluctuations introduced at the 

source can result in scintillation (speckle pattern) after several hundred meters of 

propagation [1]. Depending on the speckle size and receiver aperture, the dynamic 

atmosphere causes fades in the received signal. Phase perturbations near the receiver 

make the focused spot size on the detector larger than the diffraction limit [1]. When 

the detector size is only few tens of microns, this spot size increase reduces minimal 

allowable transceiver mispointing further [1]. Thus, high bandwidth tracking is made 

necessary by a turbulent atmosphere for high data rate links.  

The FSO channel is a slow fading and frequency-nonselective channel. The 

characteristics of the channel are treated as flat over the frequency and narrow-band. 

As the change in the channel gain is slower than the data rate, the channel variation, 

during which the channel is static, is assumed much smaller than the total duration of 

the transmission. For example, if the data bandwidth is 1GHz, the slot duration is 

10ିଽ second and the symbol duration of Q-ary PPM symbol is 2ொ ൈ 10ିଽ second. 

However the temporal correlation time of the optical wireless channel is on the order 
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of several millisecond [6]. Hence, the channel varies very slow compared to the data 

speed. 

The FSO channel can be modeled as a block fading channel and the channel 

gain can be modeled as an ergodic random variable. For different degree of 

turbulence, the intensity attenuation of the laser beams can be described by a 

lognormal distribution, exponential distribution or gamma-gamma distribution. 

Numerous experiments have confirmed that the intensity of laser beams 

obeys a lognormal distribution under weak turbulence and obeys negative 

exponential distribution under strong turbulence [6]. For moderate turbulence, the 

distribution of the intensity fluctuation is not understood and a number of the 

distributions have been proposed, such as lognormal-Rice distribution, K-

distribution and gamma-gamma distribution [6].        

     For the FSO channel with weak turbulence, the probability density function 

(PDF) of the laser beam intensity, which is lognormal distribution, is given by  

ሻݔሺ݌ ൌ  ଵ
௫ఙ೗√ଶగ

݁
ି ሺ೗೙ೣష೘೗ሻమ

మ഑೗మ ݔ          ൐ 0                            (2-6) 

where ݉௟ and ߪ௟ are the mean and standard deviation, respectively, of the variable’s 

natural logarithm. By definition, the logarithm of the variable is normally distributed. 

Since most free space optical communication systems operate under weak turbulence, 

the error probability analysis in this dissertation focuses on the lognormal distribution.  

     For a FSO channel with strong turbulence, the PDF of the laser beam intensity, 

which is a negative exponential distribution, is   

ሻݔሺ݌ ൌ ݔ         ఒ௫ ି݁ߣ  ൐ 0                                   (2-7) 

where ݔ is the rate parameter.  
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     There is a gamma-gamma distribution, which fits the measurement data for a 

wide range of turbulence conditions (weak to strong) [15]. The PDF of the 

gamma-gamma distribution is given as  

௠௡ሻܫሺ݌ ൌ  ଶሺఈఉሻ
ሺഀశഁሻ

మ

௰ሺఈሻ௰ሺఉሻ ௠௡ܫ 
ሺഀశഁሻ

మ  ିଵ߈ሺఈିఉሻ൫2ඥܫߚߙ௠௡൯          ܫ௠௡ ൐ 0   (2-8) 

where parameters ߙ ൐ 0 and ߚ ൐ 0 are linked to the so called scintillation index [15]  

 scintillation index ൌ ଵ
ఈ

൅ ଵ
ఉ

൅ ଵ
ሺఈఉሻ                                   (2-9) 

The parameters ߙ and ߚ can be adjusted to achieve a good agreement between 

 ௠௡ሻ and measurement data [15]. Alternatively, assuming spherical waveܫሺ݌

propagation, ߙ and ߚ can be directly linked to physical parameters [15]  

ߙ ൌ ቊ݁݌ݔ ቈ
0.49߯ଶ

ሺ1 ൅ 0.18݀ଶ ൅ 0.56߯ଵଶ/ହሻ଻/଺቉ െ 1ቋ
ିଵ

 

(2-10) 

ߚ ൌ ൝݁݌ݔ ൥
0.51߯ଶ൫1 ൅ 0.69߯ଵଶ/ହ൯ିହ/଺

ሺ1 ൅ 0.9݀ଶ ൅ 0.62݀ଶ߯ଵଶ/ହሻହ/଺൩ െ 1ൡ

ିଵ

 

(2-11) 

where  ߯ଶ ൌ ௡ܥ0.5
ଶߢ଻/଺ܮଵଵ/଺,  ݀ ؜ ሾܦߢଶ/ሺ4ܮሻሿଵ/ଶ , ߢ ؜ ௡ܥ ,ܦ ,ߣ . ߣ/ߨ2

ଶ and ܮ are 

the wavelength, the diameter of the receiver’s aperture, the index of refraction 

structure parameter and the link distance, respectively [15].  

 

2.4 Optical Receiver 

2.4.1 Avalanche photodetector (APD)-Based Receiver Structure 

There are many types of detectors that can be used in optical receivers. The 

avalanche photodetector is a popular and widely used detector because of its small 

portable size, low cost, good responsivity and high accuracy, etc.  
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A typical optical receiver with 1550nm wavelength usually includes a 

collecting lens, an InGaAs APD, GaAs MESFET transimpedance amplifiers, a 

matched filter and an equalizer, etc. Some receivers also include optical filters, mirror 

or other optical components. Occasionally, when the transmission condition is very 

good and the transimpedance is used, little or no equalization is required [15]. This 

depends on the receiver design and the transmission environment. In this dissertation, 

the normal and complicated case including equalizers is considered and analyzed. For 

simple and special cases, the results can be obtained by changing the parameters. At 

the end of the equalizer, the processed signal is sent to a decision detector, which 

implements a Maximum Likelihood (ML) decision to decode or demodulate the data. 

The basic architecture of the APD-based optical receiver block diagram is shown in 

Fig. 2.3. 

 

  

 

 

Figure 2.3   Basic architecture of the APD-based optical receiver 

 

2.4.2 Webb Distribution of Electrons Given Out by APDs 

In optical receivers, the incident photons are focused and detected by APDs. Inside 

APDs, there are two processes: the primary photon-injection process and the photon-

electron multiplication process. The electron number obtained at the APD obeys the 

Webb distribution, also called the WMC approximation. It was proposed by Webb, 

McIntyre and Conradi [6]. The PDF of the electron number ݉௦ with the mean primary 

photoelectron number ത݇ in the APD is obtained as [6] 
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 (2-12) 

This Webb model has the requirement that the emitted electron number is not smaller 

than the photon-electron number, i.e. ݉௦ ൒  ത݇ ൒ 0 , and the photon-electron pairs 

generated by the first photon-injecting process obey a Poison distribution [6]. 

 

2.4.3 Noises in APD-Based Receivers for FSO  

When the signal is processed in optical receivers, there are a variety of noise sources 

that can affect receiver performance. The uncorrelated noise induced in the receivers 

are short noise, background noise, backscatter noise, bulk dark current noise, surface 

dark current noise, thermal noise, amplifier noise and equalizer noise. Any one of 

these noises induced in receivers can dominate depending on the receiver design and 

operating environment. In practice, usually these noises induced in receivers are much 

greater than the path-added additive white Gaussian noise (AWGN) and are 

considered as dominant factors. Thus the path-added AWGN is negligible for FSO 

communication systems and therefore is not considered in this dissertation. 

Narrow bandpass spectral filters are typically used to reduce the background 

noise in receivers and can be placed in the “optical components” blocks in Fig 2.3. 

The filters, as well as lens, mirror, fiber and other optical components in receivers, 

can cause the loss of optical signals. However, there are other kinds of noises that can 

mix into the signal bandwidth and cannot be removed by the filtering process. We 
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must consider their impacts in detail, especially the thermal noise and the shot noise. 

The three main types of amplifiers that can be used in the receivers are 

transimpedance, high-impedance and low-impedance amplifiers [15]. Their noise 

calculation steps are different. In the multi-Gb/s MIMO systems, the transimpedance 

amplifier is usually employed because of its lower noise, higher impedance and 

higher data rate. A number of different field effect transistors (FETs) can be used as 

the front-end transimpedance amplifier in the receiver design. The typical values of 

the various parameters for some FETs are given in the reference [15]. As the signal 

frequency reaches about 25-50 MHz, the gain of the silicon FET approaches unity 

[15]. Much higher frequencies (4 Gb/s and above) can be achieved with either a GaAs 

MESFET or a silicon bipolar transistor [15]. For the gigabit-per-second data links, the 

detailed noise expression for GaAs MESFET transimpedance amplifier is calculated 

as follows. 

The equivalent circuit of a transimpedance receiver design and a simple high-

impedance preamplifier design using FET are discussed in reference [15]. The output 

current of the equalizer is sent to the decision detector to perform Equal Gain 

Combining (EGC), sampling, maximum likelihood decision, decoding and 

demodulation. This normally used receiver design has been considered for noise 

analysis in this dissertation. 

If ݅ேሺݐሻ is the noise current causing the equalizer output current ݅௢௨௧ሺݐሻ to 

deviate from the average value  ݅ۃ௢௨௧ሺݐሻۄ, the actual current ݅௢௨௧ሺݐሻ is of the form  

݅௢௨௧ሺݐሻ ൌ ۄሻݐ௢௨௧ሺ݅ۃ ൅ ݅ேሺݐሻ ൌ ۄሻݐ௦ሺ݅ۃ ൅ ݅ேሺݐሻ                              (2-13) 

As the total noise ݅ேሺݐሻ obeys a Gaussian distribution with zero mean and 

variance ߪଶ, the average value ݅ۃ௢௨௧ሺݐሻۄ equals the signal value ݅ۃ௦ሺݐሻۄ. The noises in 
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the APD receiver with InGaAs APD, GaAs MESFET amplifier, matched filter, 

equalizer, sampling circuit and decision detector can be expressed as  

ே݅ۃ
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    ൅ܵாܣଶܤ௘  

ൌ ܤଶܫଶܣ ቂ2݅ۃݍ଴ܯۄଶܨ ൅ ሺ࣬ݍ2 ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ ܨଶܯௗ௕ܫሺݍ2 ൅ ௗ௦ሻܫ ൅ ସ௞ಳ்
ோ್

ቃ   

  ൅ ூܵܣଶܫଶܤ ൅ ܵாܣଶ ቂூమ஻
ோమ ൅ ሺ2ܥߨሻଶܫଶܤଷቃ 

ൌ ሺܤܣݍሻଶ ቂଶۃ௜బۄெమிାଶ࣬ሺ௉್ା௉೎ሻெమிାଶ൫ூ೏್ெమிାூ೏ೞ൯
௤ ௕ܶܫଶ ൅ ்ܹ௓ቃ                               (2-14) 

where  

ே݅ۃ
ଶۄ  mean-squared total noise current 

௣݅ۃ
ଶۄ  mean-squared photon shot noise current 

௕݅ۃ
ଶۄ  mean-squared background noise current 

௖݅ۃ
ଶۄ  mean-squared backscatter noise current 

ௗ௕݅ۃ
ଶۄ mean-squared bulk dark current noise 

ௗ௦݅ۃ
ଶۄ mean-squared surface dark current noise 

ோ݅ۃ
ଶۄ  mean-squared thermal noise (or Johnson noise) current 

ூ݅ۃ
ଶۄ  mean-squared shunt noise current, which results from the amplifier input noise  

      current source ݅௔ሺݐሻ 

ா݅ۃ
ଶۄ  mean-squared series noise current, which results from the amplifier input  

      voltage noise source ݁௔ሺݐሻ  

 amplifier gain    ܣ

  ௕௔௘  noise equivalent bandwidth of the bias circuit, amplifier, equalizer defined forܤ
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the positive frequency. ܤ௕௔௘ ൌ  ܤଶܫ

࣬    responsivity of photodetector 

௥ܲ    incident photon power in a 1 pulse slot is obtained as  

     ௥ܲ ൌ ௕೚೙
்್

ൌ  W or  J/s                                        (2-15)   ܤ௦ߣߥ݄

௕ܲ   background noise power in one slot 

௖ܲ    backscatter noise power in one slot 

 multiplication factor of APD photodetector    ܯ

 excess noise factor given as    ܨ

ܨ    ൌ ݇௘௙௙ܩ ൅ ቀ2 െ ଵ
ீ

ቁ ൫1 െ ݇௘௙௙൯ ൎ  ௫                      (2-16)ܯ

  The parameter x takes on values of 0.3 for Si, 0.7 for InGaAs and 1.0 for Ge    

݇ୣ୤୤   effective hole/electron ionization rate ratio 

  ௗ௕  bulk dark currentܫ

  ௗ௦  surface dark currentܫ

݇஻  Boltzmann’s constant ݇஻ ൌ 1.38054 ൈ 10ିଶଷ   ܭ/ܬ 

݄   Planck’s constant    ݄ ൌ 6.6256 ൈ 10ିଷସ   ܬ ڄ  ݏ

ܶ   temperature (K) 

ܴ௕  detector bias resistance 

  mean unity gain photocurrent over a bit period ௕ܶ  ۄ଴݅ۃ

 data bandwidth    ܤ

௕ܶ    time slot or bit period for a 1 pulse or a 0 pulse  ௕ܶ ൌ ଵ
஻
 

 ଶ    normalized bandwidth integral [11]ܫ

 ଷ    normalized bandwidth integral [11]ܫ
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 ௘    is noise equivalent bandwidth of the equalizer defined for the positive frequencyܤ

as  

௘ܤ        ൌ ܤଶܫ ൅ ሺ2ܥܴߨሻଶܫଶܤଷ                                                  (2-17) 

 ௚ௗ  for a typicalܥ ,௚௦ܥ ,௔ܥ ,ௗܥ is the total capacitance of the parallel combination of   ܥ

FET amplifier and a good photodiode given as  

ܥ ൌ ௚ௗܥ +௚௦ܥ +௔ܥ +ௗܥ ൌ ܨ݌10 ൌ 10 ൈ 10ିଵଶ(18-2)               ܨ 

 ௗ  detector capacitanceܥ

  ௔  amplifier input capacitanceܥ

 ௚௦ FET gate-source capacitanceܥ

 ௚ௗ FET gate-drain capacitanceܥ

ூܵ  spectral density of the amplifier input noise current source (in ܣଶ/Hz)   

ܵா  spectral density of the amplifier noise voltage source (in ܸଶ/Hz) 

ܴ   is the resistance of the parallel combination of ܴ௕, ܴ௔, ௙ܴ given as  

  ଵ
ோ

ൌ ଵ
ோ್

൅ ଵ
ோೌ

൅ ଵ
ோ೑

                                                        (2-19) 

ܴ௕ detector bias resistor 

ܴ௔  amplifier input resistance 

௙ܴ  feedback resistance 

்ܹ௓  thermal noise characteristic 

For GaAs MESFET transimpedance amplifiers, in practice, the feedback 

resistance ௙ܴ is much greater than the amplifier input resistance ܴ௔ [15]. The thermal 

noise characteristic for the GaAs MESFET transimpedance amplifier is given as [15]  

்ܹ௓ ൌ
1

ܤଶݍ ቆ2ܫݍ௚௔௧௘ ൅
4݇஻ܶ

ܴ௕
൅

4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ଶܫ ൅ ൬

ܥߨ2
ݍ ൰

ଶ 4݇஻ܶ߁௘

݃௠
ܤଷܫ ൅ ௕ܶ

ଶݍ
4݇஻ܶ

௙ܴ
 ଶܫ

(2-20) 
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where ߁௘ is the correlated coefficient of the equalizer.  

The detailed noise expression for the GaAs MESFET transimpedance amplifier 

is obtained as 

ே݅ۃ
ଶۄ ൌ ሺܤܣݍሻଶ ቈ

ܨଶܯۄ଴݅ۃ2 ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻܫ
ݍ ௕ܶܫଶ

൅
1

ܤଶݍ
ቆ2ܫݍ௚௔௧௘ ൅

4݇஻ܶ
ܴ௕

൅
4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ଶܫ ൅ ൬

ܥߨ2
ݍ

൰
ଶ 4݇஻ܶ߁௘

݃௠
ܤଷܫ ൅ ௕ܶ

ଶݍ
4݇஻ܶ

௙ܴ
 ଶ቉ܫ

ൌ ଶܣ ቊሾ2݅ۃ଴ܯۄଶܨ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ܤଶܫݍௗ௦ሻሿܫ ൅ ቆ2ܫݍ௚௔௧௘ ൅
4݇஻ܶ

ܴ௕
൅

4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ܤଶܫ

൅ ሺ2ܥߨሻଶ 4݇஻ܶ߁௘

݃௠
ଷܤଷܫ ൅

4݇஻ܶ
௙ܴ

 ቋܤଶܫ

(2-21) 

where ௦ܲ is the signal power for the 1 pulse and ௦ܲ ൌ ௥ܲ , ܾ௢௡ is the energy for a 1 

pulse and ܾ௢௡ ൌ ௦ߣߥ݄ ൌ ߥ݄ ௧ܰߣ௦௜௟ ൌ ௧ܰ ௥ܲ௜௟ ௕ܶ ൌ ௥ܲ ௕ܶ (J/bit), ߟ is the quantum 

efficiency, ߥ is the frequency of the optical signal ߥ ൌ ୡ
ఒ
 , ܿ ൌ 3 ൈ  is the ߣ ,ݏ/݉ 10଼

wavelength of the optical signal and γୱ is the fraction of a 1 pulse energy remaining in 

its time slot. 

The variances σ୭୬
ଶ and  σ୭୤୤

ଶ of the equalizer output currents ݅௢௨௧ሺݐሻ for a 1 

pulse slot and a 0 pulse slot, respectively, are the worst-case values of the total noise 

current ݅ۃே
ଶۄ in Eq. (2-17). The impacts on a 1 pulse slot, due to background noise, 

backscatter noise, bulk dark current noise, surface dark current noise, thermal noise, 

amplifier noise and equalizer noise, are similar as those on a 0 pulse slot. But the 

impact of the short noise ݅ۃ௣
ଶۄ on a 1 pulse slot is different than that on a 0 pulse slot. 

In addition, if the dispersion of the pulses happens in the worst case, there is a part of 

the pulse energy falling into the adjacent slots and causing the shot noise. As shown in 

Reference [15, Fig. 7.3], we still use γୱ to represent the fraction of a 1 pulse energy Pୱ 

remaining in its slot.  



32 

 

The worst-case ݅ۃே
ଶۄ in the 1 pulse slot, i.e. σ୭୬

ଶ, happens when the continuous 

two 1 pulses are transmitted and one pulse is added by the additional  energy due to 

dispersion of the other 1 pulse. For one 1 pulse slot, γୱ fraction of the pulse energy Pୱ 

remains in the slot and ሺ1 െ γୱሻ fraction of the pulse energy ௦ܲ falls into the adjacent 

1 pulse slot. Thus the total photon energy inducing the short noise in the 1 pulse slot is  

γୱPୱ ൅ ሺ1 െ γୱሻPୱ ൌ Pୱ                                               (2-22) 

The worst-case of ݅ۃே
ଶۄ in the 0 pulse slot, i.e. σ୭୤୤

ଶ, happens when the 

continuous one 1 pulse and one 0 pulse are transmitted and the 0 pulse is added by the 

additional energy due to dispersion of the adjacent 1 pulse. The worst-case of ݅ۃே
ଶۄ in 

the 0 pulse slot, i.e. σ୭୤୤
ଶ, happens when a 1 pulses and a 0 pulse are transmitted 

continuously. The total energy inducing the short noise in the 0 pulse slot is ሺ1 െ

௦ሻߛ ௦ܲ .  

The unity gain mean photocurrents ۃi଴ۄ୭୬ in a 1 pulse slot and ۃi଴ۄ୭୤୤ in a 0 

pulse slot, respectively, can be represented as 

௢௡ۄ଴݅ۃ ൌ ఎ௤௕೚೙
௛ఔ்್

ൌ  ࣬ ௦ܲ                                             (2-23a) 

୭୤୤ۄ଴݅ۃ ൌ ఎ௤௕೚೙
௛ఔ்್

ሺ1 െ ௦ሻߛ ൌ  ࣬ ௦ܲሺ1 െ  ௦ሻ                (2-23b)ߛ

In order to calculate the variance of the noise current in a 1 pulse slot, we 

assume the worst cases of the ݅ۃே
ଶۄ for continuous 1 pulses happen. So the average 

power concept can be used. For the receiver architecture shown in Fig. 2.3, the 

variances of the l th branch for the 1 pulse slot and the 0 pulse slot are calculated as 

σ୭୬ ୪
ଶ and σ୭୤୤ ୪

ଶ, respectively and given as  

୭୬ ௟ߪ
ଶ ൌ ே݅ۃ

ଶۄ୭୬  
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ൌ ଶܣ ቊ൤2
௢௡ܾݍߟ

ߥ݄ ௕ܶ
ܨଶܯ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻ൨ܫ ܤଶܫݍ

൅ ቆ2ܫݍ௚௔௧௘ ൅
4݇஻ܶ

ܴ௕
൅

4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ܤଶܫ ൅ ሺ2ܥߨሻଶ 4݇஻ܶ߁௘

݃௠
ଷܤଷܫ ൅

4݇஻ܶ
௙ܴ

 ቋܤଶܫ

(2-24a) 

୭୤୤ ௟ߪ
ଶ ൌ ே݅ۃ

ଶۄ୭୤୤  

ൌ ଶܣ ቊ൤2
௢௡ܾݍߟ

ߥ݄ ௕ܶ
ሺ1 െ ܨଶܯ௦ሻߛ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻ൨ܫ ܤଶܫݍ

൅ ቆ2ܫݍ௚௔௧௘ ൅
4݇஻ܶ

ܴ௕
൅

4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ܤଶܫ ൅ ሺ2ܥߨሻଶ 4݇஻ܶ߁௘

݃௠
ଷܤଷܫ ൅

4݇஻ܶ
௙ܴ

 ቋܤଶܫ

   (2-24b) 
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CHAPTER      3 

OVERVIEW OF MIMO FSO SYSTEMS 

 

3.1  System Model of MIMO Optical Wireless Links 

Based on the analysis of FSO communication systems in Chapter 2, we present a 

mathematical model for MIMO FSO communication systems. The statistical 

characteristics of the FSO channel and MIMO PPM systems are analyzed. 

Parameters, such as the link budget, receiver noises and signal to noise ratio, etc. are 

discussed in this chapter.  

    In MIMO FSO transmission, N୲ laser sources and N୰ photodetectors (PD) are 

employed as an array and a typical MIMO point-to-point system is shown in Fig. 3.1. 

The lasers of the transmitters and the photodetectors of the receivers are positioned as 

arrays, respectively [1]. The laser beams modulated by the user data are transmitted 

through different FSO paths between the transmitters and the receivers. These beams 

experience different atmospheric turbulence in the paths. The turbulence causes the 

channel fading and impacts the amplitude and phase of the received optical signals.  

Figure 3.1  ௧ܰ laser sources and ௥ܰ photodetectors MIMO FSO system 

     For MIMO FSO systems, one advantage is that the replicas of the coded data 

symbols, which are transmitted in the space and time diversity patterns, and combined 
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and decoded at the receivers, can overcome the channel fading due to atmospheric 

turbulence. The ability of multiple transmitters and receivers in combating fading is 

conditioned on reception of uncorrelated copies of signal. The paths in MIMO are 

usually required to be uncorrelated and independent of each other. As a result, 

transmit and receive apertures must be placed at least one correlation distance apart 

[2]. For atmospheric channel this requirement can be easily met since correlation 

distance (atmospheric coherence length) is about 20cm under good visibility 

conditions and often drops to 2-4 cm under weak turbulence [2]. The second 

advantage is that MIMO improves the maximum transmitted power, for the high data 

rate, e.g. multi-Gb/s, compared with the single laser transmission. Assuming a 

transmitted beam with a Gaussian profile 25 mm ଵ
ୣమ diameter, approximately 245mW 

at 1550nm can be transmitted and still be eye-safe [3]. A typical high speed 1550nm 

laser has a slope efficiency of 0.03~0.2W/A [3]. At present, commercial laser driver 

chips are capable of only about 100mA modulation current at 2.5 Gb/s [3]. This may 

result in optical output power about 20mW if the laser efficiency is 0.2W/A. 

However, there is currently no high speed 1550nm laser with more than 250mW 

power available in the market [3]. Such a laser would require 1225mA modulation 

current with an efficiency of 0.2W/A [3]. Thus the MIMO would have to be used in 

order to achieve the eye-safe maximum power, i.e. 245mW of the 1550 nm 

wavelength and 25 mm ଵ
ୣమ diameter laser beam for multiple-Gb/s data rate. In order to 

compare the performance of MIMO, different transmitting schemes from single input 

single output scheme or other schemes, the total transmitted energy of MIMO for one 

symbol is fixed as ܧ௦, the same as that in SISO, during the calculation of this 

dissertation. The disadvantage of this MIMO approach is that transmitters would have 
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to be synchronized at the higher data rate, such as multiple-Gb/s, and this is not easy 

for practical optical and electrical devices.  

     Optical beams are generally highly directive, and thus isolate themselves spatially 

from other potential interference. FSO vendors typically use 6-8 milliradian beam 

divergence for their low data rate products. Higher data rates are usually 

accomplished by reducing the beam divergence to 2 milliradian [3]. The width of 

laser beams is quite narrow, but sufficiently wide to illuminate the entire PD array. 

For example, if the half-power beam width, i.e. divergence, is 1 milliradian, the half-

power spot size of the laser beam at a distance of 1 kilometer has 1 meter diameter 

[1]. Because of the capacitance, the higher bandwidth detectors are inherently smaller 

in size, typically few tens of micrometers diameter for multi-Gb/s data rate [3]. 

Commercial photodetectors range in size from 30μm diameter at 10Gb/s to 70μm 

diameter at 2.5 Gb/s [3]. The diameter of receiver lens apertures is usually a few tens 

of centimeters, such as 7.5cm or 15cm. In order to keep different FSO paths 

uncorrelated, the spacing between adjacent receiving antennas of MIMO FSO systems 

with wavelengths from 780nm to 1550nm, must be 2-4 cm apart under weak 

turbulence or 20cm under good visibility conditions [2]. This can be satisfied by 

MIMO FSO systems shown in Fig. 3.1. An optical beam can reach the APD array of 

receivers at the same time thus making MIMO schemes possible.   

     For a practical system, we assume that the MIMO FSO system model works under 

the normal conditions: Accordingly the line-of-sight paths exist between the 

transmitting laser array and the receiving photo-detector array. The MIMO FSO 

channel is a frequency non-selective ergodic random channel and can be treated as the 

block fading channel model. The optical signal is a narrowband signal, i.e. the 

transmitted signal bandwidth is much smaller than the channel’s coherence 
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bandwidth. The coherence bandwidth measures the frequency range over which the 

fading process is correlated [4]. 

To simplify the solution and make it suitable for the normal case, the following 

assumptions are made. (i) The receivers can get perfect knowledge of the channel 

information, estimate the signal level of the received symbols and predict the channel 

condition. (ii) The spatial correlation between the channel paths is negligible, i.e., 

there are sufficient distances between the individual lasers, APDs and apertures. (iii) 

There are negligible channel gain estimation errors, negligible synchronization error 

and acceptable latency in the system. (iv) The active tracking and pointing system is 

used and makes the mispointing allowance of a FSO data link be about 3dB. This 

active tracking and pointing scheme ensures that the narrow laser beam is pointed at 

the receiver aperture, e.g. 150mm diameter, and tightly focused on the relative small 

detector, typically less than 100μm diameter [3]. (v) The transmitters and receivers 

are synchronized at the high data rates. (vi) The gain amplitudes of different channel 

paths can be estimated promptly and correctly for the decoding and demodulation 

process at the receivers. (vii) The processing delay is acceptable for the network users 

of voice, data and video. The detailed architecture of the MIMO FSO point-to-point 

system is shown in Fig 3.2.  
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Figure 3.2  The detailed architecture of MIMO point-to-point system 

The MIMO system model of Figure 3.2 can be presented by the matrix equation as 

ࢅ ൌ ாೞ
ே೟

ߚ ڄ ࡴ ڄ ࡿ ൅  (3-1)                                                       ࡺ

where ߚ is the link gain coefficient which makes the mean of the channel gain ࡴ 

equal to ܧ ,ࡵሼࡴሽ ൌ  ௦ is the total energy that transmitted during the 1 pulse slot byܧ ,ࡵ

the laser array, ௧ܰ is the number of lasers in the transmitting array and ࢅ is the 

received signal ሺ ௥ܰ ൈ  ሻ matrix given asܮܰ

ࢅ ൌ ሾ࢟ଵ ଶ࢟ … ேሿ࢟ ൌ ൦

ଵଵݕ ଵଶݕ … ଵே௅ݕ
ଶଵݕ ଶଶݕ … ଶே௅ݕ
ڭ
ேೝଵݕ

ڭ
ேೝଶݕ

ڭ
… ேೝே௅ݕ

൪        (3-2) 

where ܰ is the number of the PPM symbol in one transmitted matrix, L is the number 

of the slots in one Q-ary PPM symbol, ܮ ൌ 2ொ. There are N PPM symbols in a 

transmitted matrix and these N PPM symbols are independent. The matrix can be 

coded by the repetition coding scheme or the Space Time Block Coding scheme. In 

this chapter, we mainly consider the simple repetition coding. In the receiver, these N 

symbols in the receiving matrix are decoded together at the same time and then 

demodulated. ࡿ is the transmitted symbol ሺ ௧ܰ ൈ   ሻ matrix given asܮܰ
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ࡿ ൌ ሾ࢙ଵ ଶ࢙ … ேሿ࢙ ൌ ൦

ଵଵݏ ଵଶݏ … ଵே௅ݏ
ଶଵݏ ଶଶݏ … ଶே௅ݏ
ڭ
ே೟ଵݏ

ڭ
ே೟ଶݏ

ڭ
… ே೟ே௅ݏ

൪                      (3-3) 

  is the channel noise matrix represented as ࡺ

ࡺ ൌ ሾ࢔ଵ ଶ࢔ … ேሿ࢔ ൌ ൦

݊ଵଵ ݊ଵଶ … ݊ଵே௅
݊ଶଵ ݊ଶଶ … ݊ଶே௅
ڭ
݊ேೝଵ

ڭ
݊ேೝଶ

ڭ
… ݊ேೝே௅

൪                  (3-4) 

The channel gain of each path in the MIMO FSO system is impacted by the fading in 

this path and the ሺ ௥ܰ ൈ ௧ܰሻ channel gain matrix represents the base-band FSO 

channel impulse response. ࡴ ൌ ሼ݄௜௟ሺݐሻ, 0 ൑ ݅ ൑ ௧ܰ ,   0 ൑ ݈ ൑ ௥ܰሽ is the channel 

gain matrix given as 

ࡴ ൌ ሾࢎଵ ଶࢎ … ே೟ሿࢎ ൌ
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ێ
ێ
ۍ
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ڭ
݄ேೝଵ
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݄ேೝଶ

ڭ
… ݄ேೝே೟ے

ۑ
ۑ
ې
               (3-5) 

We assume that the FSO channel is the frequency non-selective channel and is perfect 

for the block fading channel model. We also assume that the transmitted optical signal 

is a narrow bandwidth signal. The basic instantaneous channel equation is the 

convolution of the input signal and the channel impulse response as  

ሻݐሺݕ ൌ ாೞ
ே೟

ߚ ڄ ݄ሺݐሻ כ ሻݐሺݏ ൅ ݊ሺݐሻ                                      (3-6) 

With the above assumptions about MIMO FSO channels, such as the narrowband 

signal assumption, we can replace the convolution in Eq. (3-6) by a simple product 

and rewrite as [5]  

ሻݐሺݕ ൌ ாೞ
ே೟

ߚ ڄ ݄ሺݐሻ ڄ ሻݐሺݏ ൅ ݊ሺݐሻ                                     (3-7) 

The matrix expressions of MIMO point-to-point communication can be represented as  
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In the received signal matrix ࢅ, the element ݕ௟ሺݐሻ is the received signal of the ݈th 

branch and can be represented as 

ሻݐ௟ሺݕ ൌ ෍
௦ܧ

௧ܰ
ߚ ڄ ݄௜௟ሺݐሻ ڄ ሻݐ௜ሺݏ

ே೟

௜ୀଵ

൅ ݊௟ሺݐሻ 

    (3-9) 

At the transmitter, the data from the information sources is intensity-modulated 

by Q-ary PPM or OOK modulation and is sent to encode the Space Time Block 

Coding. The signal data given out by the STBC component is split into ௧ܰ sub-

streams and is added to the ௧ܰ lasers array. The data is modulated on the optical 

beams and is transmitted to different free space paths experiencing different 

atmospheric turbulence. 

In order to analyze the performance of MIMO FSO systems, we first focus on 

the standard Q-ary PPM, which is the most frequently used modulation scheme, and 

the repetition coding scheme, which is one of the simplest MIMO coding schemes.  

The other modulation schemes including on-off keying (OOK), multiple pulse 

position modulation (Multiple PPM) and differential PPM, have their own 

characteristics and advantages but also have their performance or implementation 

limitations [6,7]. There are other STBC schemes, such as the modified Alamouti-

based STBC, BLAST-based coding and STBC provided by algebraic method [4, 7-
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10]. The different STBC schemes can have different coding gains or different 

diversity gains. 

Since PPM is an equal-energy orthogonal technique which requires the non-

coherent detection, it is difficult to track the phase of the received signal. In this case, 

it is practical to use the envelope or square-law detection of PPM in conjunction with 

post-detection Equal Gain Combining. The EGC receiver processes the N୰ received 

replicas from the branches, equally weights them, and then sums them to produce the 

decision statistic. EGC is suboptimum and has acceptable performance and reduced 

complexity [2, 4]. Although maximum ratio combining (MRC) is optimum and has a 

better performance but it is more complex and requires the estimation of phase of the 

received signals [2, 4]. In case of PPM non-coherent modulation, the signal phase is 

not generally detected. Therefore MRC is not suitable for PPM scheme. There are 

some other combing methods for the receivers, such as selection combing (SC) and 

switched combing, but they do not result into optimum implementations and have 

worse performance than EGC and MRC even though they are less complex than EGC 

and MRC [2, 4]. In this chapter, the post-detection EGC with the envelope detection 

is used and its demodulator decision is based on the sum of the envelopes of the PPM 

symbols.  

In the receiver, there are ௥ܰ  receiving branches and each branch includes a 

collecting lens, an InGaAs APD, GaAs MESFET transimpedance amplifiers, a 

matched filter and an equalizer, etc. Some receivers also include optical filters, 

mirrors or other optical components. If the transmission condition is very good and 

the transimpedance is used, little or no equalization is required [11]. In this 

dissertation, normal cases including equalizers are considered and calculated. For 

simple and special cases, the results can be obtained by changing the parameters 
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setting. At the end of these branches, the processed signals are sent to a decision 

detector, which implements the post-detection EGC with the envelope or square-law 

detection, maximum likelihood decision, STBC decoding and pulse position 

demodulation. Then the recovered data is sent to the data destination and the 

performance analysis is processed. A simple MIMO point-to-point receiver system is 

shown in Fig. 3.2 and Fig. 3.3.  

 

 

 

  

 

 

 

Figure 3.3  Receiver structure of MIMO point-to-point systems 

The detection of the transmitted data symbols is implemented by the maximum 

likelihood algorithm. For different types of detection algorithms for MIMO systems, 

the maximum likelihood detector is optimum detector and has a better performance 

than the other detectors, such as Minimum Mean Square Error detector (MMSE), 

Inverse channel detector (ICD), successive cancellation, sphere detection and lattice 

reduction [12]. However, the computational complexity of the ML detector grows 

exponentially as ܮே೟ , where ܮ is the number of points in the signal constellation and 

௧ܰ is the number of the transmitting lasers. For a small number of transmitting 

antennas and signal points, the computational complexity of the ML detector is not 

too high [12].  
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3.2  Mathematical Model of MIMO FSO Point-to-Point Communication Systems 

The inhomogeneity of the atmosphere due to temperature and pressure changes, like 

rising hot air and the moving aerosol particles, the refractive index of the atmospheric 

media also changes. This causes the amplitude and phase changes of transmitted 

optical signals.  

     According to the system model given in Section 3.1, the corresponding 

mathematical model for MIMO FSO systems is discussed in this section in detail.  

 

3.2.1  Assumptions for MIMO FSO Point-to-Point Communications 

In order to make the research model as close to the practical one as possible and 

simple for analysis, the following basic assumptions and notations are made.  

(i) At the transmitter, the transmitted signal is a ሺ ௧ܰ ൈ  ሻ matrix. If the totalܮܰ

transmitted power for a 1 pulse in one slot is ܧ௦ and the ௧ܰ lasers in the 

transmitter array distribute the power equally, the power transmitted by each laser 

at the transmitter is  ாೞ
ே೟

 . The laser beams from the transmitter array can be 

described as Gaussian beams and the transmitted signals have narrow bandwidth. 

The single mode lasers with the 1550nm wavelength are used in the transmitter.  

(ii) The FSO channel is the slow fading and frequency-nonselective MIMO channel. 

FSO channels can be modeled as block fading channels and are independently, 

identically distributed (i.i.d) ergodic channels. In this case, the channel is 

assumed to be constant during one block or several blocks, each of which has a 

fixed number of PPM symbols. The channel is assumed to change very little 

between a number of consecutive blocks compared to the symbol rate, which is 

assumed to change at a fast space. The channel variation is assumed much 
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smaller than the total duration of the transmission. For different degrees of 

turbulence, the intensity of the laser beams can be modeled as lognormal 

distribution. 

(iii) At the receiver, the received signal is a ሺ ௥ܰ ൈ ሻ matrix. There are ௥ܰܮܰ  receiving 

branches and each branch includes a collecting lens, an InGaAs APD, GaAs 

metal semiconductor field-effect transistor (MESFET) transimpedance amplifiers, 

a matched filter and an equalizer, etc. The InGaAs APD is selected due to higher 

responsivity ( ࣬ ൌ 0.95~0.98 at 1550nm ) [11], its best performance at 1550nm 

wavelength [11], and the improved sensitivity [3]. For a 1 pulse slot in the APD, 

the number of the photon-electron pairs emitted by the first photon-injecting 

process of APDs obeys the Poisson distribution. For the 1 pulse slot, the number 

of the electrons emitted by the second photon-electron multiplication process of 

APDs obeys the Webb distribution and is not smaller than the photon-electron 

number. The GaAs transimpedance amplifier works in the linear amplifying 

region and the mean signal current is amplified by the amplifier gain ܣ in a linear 

fashion. EGC is implemented in the receiver for improving SNR.   

(iv) At each branch of the receiver, the total noise current transmitted to the decision 

detector is the i.i.d additive white Gaussian noise. This includes the FSO path 

AWGN noise, short noise, background noise, backscatter noise, bulk dark current 

noise, surface dark current noise, thermal noise and amplifier noise, etc. Since 

there are many independent noise sources in the FSO paths and receivers, 

according to the Central Limit Theorem, the total noise of each branch at the 

decision detector obeys the Gaussian distribution. 

Usually the transimpedance amplifier is employed because of its low noise, 

high impedance and high data rate although the transimpedance amplifier is less 
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sensitive than the highimpedance amplifier. This difference is usually only about 2-3 

dB lower sensitivity for most practical wideband designs [11]. In this dissertation,  

GaAs MESFET transimpedance amplifiers are employed and the equivalent circuits 

of a transimpedance receiver are selected according to Ref. [11]. 

The average symbol error probability, average bit error probability and average 

pairwise error probability are the performance criterions that exhibit the nature of the 

system behavior and most often are illustrated in the documents containing system 

performance evaluations. These are more difficult to compute compared to the signal 

to noise ratio and the outage probability. For the MIMO FSO system, the PPM 

symbols are transmitted as a coded matrix by the laser array. In the analysis, we 

obtain the equations of the average symbol error probability ௦ܲሺܧሻ for one transmitted 

PPM symbol. Next, we calculate the average symbol error probability ௘ܲ_௠௔௧௥௜௫ሺܧሻ 

for one transmitted PPM matrix. Finally the average bit error probability ௕ܲሺܧሻ and 

the average pairwise error probability ܲ ௦՜௦ᇲሺܧሻ can be calculated by using 

௘ܲ_௠௔௧௥௜௫ሺܧሻ. Numerical analysis is used in order to obtain the detailed closed-form 

upper bound expressions of the above error probabilities. The impacts of each 

parameter of MIMO systems on the error probabilities can be obtained in detail and 

can be represented by figures. The analysis process results in the system performance, 

system design, coding and modulation design, etc., for MIMO FSO systems.  

 

3.2.2  Laser Beam Transmission and Link Budget 

An optical wireless link of MIMO FSO system typically consists of 

transceivers separated by the distance ݖ. Each transceiver is made up of a laser array 

(transmitter) and a photodetector array (receiver). The optical components, such as 
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telescope, lenses and mirror, shape the transmitted laser beam and focus the received 

signal on the photodetector. The transmitter transmits enough power ௧ܲ to overcome 

loss in the path, space, optical components and mispointing resulting in the sufficient 

received power in the receiver so that the ones and zeros can be distinguished with 

negligible error. The received power ௥ܲ is given by  

௥ܲ ൌ ௧ߟ ڄ ௣௧ߟ ڄ ௔ߟ ڄ ௦ߟ ڄ ௥ߟ ڄ ௣௥ߟ ڄ ௧ܲ                                        (3-10) 

where ߟ௧ and ߟ௥ are the optics loss of the transmitter and receiver, respectively, ߟ௣௧ 

and ߟ௣௥ are the mispointing allowances of the transmitter and receiver, respectively, 

 ௦ is the space loss, which is theߟ ௔ is the path loss impacted by the weather andߟ

fraction of the transmitted power collected by the receiver. The ߟ௔ can be calculated 

by “Beer’s law” and ߟ௦ is calculated by using Gaussian beam theory. Depending on 

the complexity of the optical train in the transmitter and the receiver, the optics loss 

can vary between 2~5dB [3]. With the active tracking system, ߟ௣௧ and ߟ௣௧ can be 

about 3dB [3]. The link budget can be calculated as 

Link margin = ௧ܲ_ௗ஻ െ ߟ௧_ௗ஻ െ ௣௧_ௗ஻ߟ െ ௔_ௗ஻ߟ െ ௦_ௗ஻ߟ െ ௥_ௗ஻ߟ െ ௣௥_ௗ஻ߟ െ ܵ௥__ௗ஻ 

           

      (3-11) 

where ௧ܲ_ௗ஻, ߟ௧_ௗ஻, ߟ௣௧_ௗ஻, ߟ௔_ௗ஻, ߟ௦_ௗ஻, ߟ௥೏ಳ, ߟ௣௥_ௗ஻ are the variable expressions in 

dB of ௧ܲ, ߟ௧, ߟ௣௧, ߟ௔, ߟ௦, ߟ௥, ߟ௣௥, respectively, ܵ௥__ௗ஻ is the sensitivity of the receiver 

in dB. It is desirable to have as much excess link margin as possible to mitigate 

atmospheric effects, such as fog, etc. On a sunny day, the atmosphere is clear and the 

link margin is useful to overcome fades caused by turbulence. On a foggy day, the 

link margin is used to overcome signal attenuation. Thus the link distance or link 

availability has to be compromised according to weather conditions. It is obvious that 
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more link margin can be allotted to the atmospheric attenuation, for better 

compromise. In the presence of severe atmospheric attenuation, an optical link with 

narrow beam and tracking has an advantage over a link without tracking. 

     In a FSO data link, when only the space loss ߟ௦ is considered, the relationship of ௧ܲ 

and ௥ܲ are the ratio of the received aperture area ܣ௥ to the transmitted beam area ܣ௕ 

and is given by [13] 

௥ܲ ൌ ௥ܣ଴ܫ ൌ ଶ௉೟஺ೝ
గఠమሺ௭ሻ ൌ ଶ஺ೝ

஺್
௧ܲ                                            (3-12) 

where ܣ௥ is the receiving aperture area of the lens at the receiver and ܣ௕ is the half-

power spot size’s area of the transmitted beam at the receiver ܣ௕ ൌ  ሻ. Theݖଶሺ߱ߨ

space loss is obtained as  

௦ߟ ൌ ଶ஺ೝ
஺್

                                                                        (3-13) 

When the laser beams pass through the atmospheric media, there are many 

aerosol particles in the paths. These particles absorb and scatter the energy of laser 

beams and cause the attenuation and dispersion of the optical signal. In the optical 

link, the signal attenuation due to path loss can be calculated as the difference 

between the “clear air” signal level and the current air signal level. The first has been 

evaluated as െ11dBm [14].  

The total path attenuation is then divided by the link’s length to obtain the path 

attenuation ߙ௔_ௗ஻  in dB/km. The measured visibility is converted into the path 

attenuation by applying “Beer’s law” [14].  

௔_ௗ஻ߙ ൌ ଵ଻.ଵଷ଼
௏ೞ

ቀ ఒ
ହହ଴

ቁ
ି஽೜

                                                 (3-14) 



50 

 

where ߙ௔_ௗ஻ is the path attenuation (dB/km), ௦ܸ is the visibility (km), λ is the 

wavelength and ܦ௤ is the distribution of particulate with size, which is in the case of 

low visibility (less than 6 km) as [14] 

௤ܦ ൌ 0.585ሺ ௦ܸሻଵ/ଷ                                                    (3-15) 

From the above, the path loss can be calculated as   

௔ߟ ൌ 10൬ି  
ഀೌ_೏ಳൈವೞ

భబ ൰                                                 (3-16) 

According to Eq. (3-16), if the visibility ௦ܸ ൌ 2 ݇݉ and the wavelength 

λ ൌ 1550nm, the path attenuation is ߙ௔_ௗ஻ ൌ  If the transmission .݉݇/ܤ3.99݀

distance ܦ௦ ൌ 1݇݉, the path loss is ߟ௔ ൌ 10൬ି 
ഀೌ_೏ಳൈವೞ

భబ ൰ ൌ 0.3990. 

In practice, the optics loss can vary in the range of 2~5dB [3]. ߟ௧_ௗ஻ (ߟ௧ in dB) 

and ߟ௥_ௗ஻ (ߟ௥ in dB) can be about 3dB [3]. The mispointing allowance in dB, 

expressed as ߟ௣௧_ௗ஻  and ߟ௣௥_ௗ஻ , can be about 3dB [3]. The total loss between the 

transmitter power and the received power, except the space loss ߟ௦ ൌ ଶ஺ೝ
஺್

 , is  

ߙ ൌ ௧ߟ ڄ ௣௧ߟ ڄ ௔ߟ ڄ ௥ߟ ڄ ௣௥ߟ ൌ 10൬ି  
ఈ೏ಳൈ஽ೞାఎ೟_೏ಳାఎೝ_೏ಳାఎ೛೟_೏ಳାఎ೛ೝ_೏ಳ

ଵ଴ ൰ 

ൌ ۏ10
ێ
ێ
ێ
ێ
ۍ

ି  
భళ.భయఴ

ೇೞ
൬ ഊ

ఱఱబ൰
షబ.ఱఴఱሺೇೞሻ

భ
య

ൈವೞ
భబ

ے
ۑ
ۑ
ۑ
ۑ
ې

10൬ି  
ആ೟_೏ಳశആೝ_೏ಳశആ೛೟_೏ಳశആ೛ೝ_೏ಳ

భబ ൰          

              (3-17) 

If the loss ߟ௧_ௗ஻ ൌ ௥_ௗ஻ߟ ,ܤ3݀ ൌ ௣௧_ௗ஻ߟ ,ܤ3݀ ൌ ௣௥_ௗ஻ߟ , ܤ3݀ ൌ ߣ , ܤ3݀ ൌ 1550݊݉ , 

௦ܸ ൌ ௦ܦ , ݉݇ 2 ൌ 1݇݉ and ߟ௦ ൌ ଶ஺ೝ
஺್

 , the total loss in one FSO path can be obtained 

as 

ߙ ڄ ௦ߟ ൌ ଶ஺ೝ
஺್

10൬ି  
ഀ೏ಳൈವೞశആ೟_೏ಳశആೝ_೏ಳశആ೛೟_೏ಳశആ೛ೝ_೏ಳ

భబ ൰ ൌ 0.025177 ڄ ଶ஺ೝ
஺್

     (3-18) 



51 

 

The received power of one APD branch from the ilth FSO path for a 1 pulse at the 

receiver is  

௥ܲ௜௟ ൌ ଶ஺ೝ௉೟ ೔೗ఈ
஺್

            1 ൑ ݅ ൑ ௧ܰ , 1 ൑ ݈ ൑ ௥ܰ   (3-19a) 

The transmitted power of one laser to the ilth FSO path for a 1 pulse at the transmitter 

is  

௧ܲ௜௟ ൌ ஺್௉ೝ೔೗
ଶ஺ೝఈ

                                                         (3-19b) 

The total energy transmitted by the ௧ܰ lasers array for a 1 pulse at the transmitter is  

௦ܧ ൌ ௧ܰ ௧ܲ௜௟ ௕ܶ ൌ
௕ܣ ௥ܲ௜௟ ௕ܶ ௧ܰ

ߙ௥ܣ2  

ൌ
௦௜௟ ௧ܰߣ ߥ ݄ ௕ܣ

௥ܣ2
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ێ
ێ
ێ
ێ
ۍ
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            (3-20) 

where ௥ܲ௜௟ ௕ܶ ൌ  ௦௜௟ is the average number of the incident signal photons for aߣ , ௦௜௟ߣ ߥ݄

1 pulse from the ilth path and it can be expressed as 

௦௜௟ߣ ൌ  ଶ஺ೝఈ ாೞ
஺್ ௛ ఔ  ே೟

                                                   (3-21) 

The average number ߣ௦ of the incident signal photons in a 1 pulse slot is ߣ௦ ൌ

∑ ௦௜௟ߣ
ே೟
௜ୀଵ  . The received power ௥ܲ in a 1 pulse slot is ௥ܲ ൌ ∑ ௥ܲ௜௟

ே೟
௜ୀଵ  . 

     During the entire data transmission of the FSO block fading channel, in weak 

turbulence, the log intensity ℓ ൌ ݈݊ ቀ ூ
 ቁ of laser beams obeys Gaussian distributionۄூۃ

with the mean mℓ and variance σℓଶ [13]. ܫ is the intensity of the laser beam and obeys 

lognormal distribution [13]. ۄܫۃ is the expected value of the laser beam intensity. The 

symbol ۄ ۃ denotes an ensemble average. It is proved in the Appendix A that in the ilth 

path transmission, the laser beam intensity ܫ, the received power ௥ܲ ௜௟ in a 1 pulse slot 
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and the average number ߣ௦ ௜௟ of the incident signal photons in a 1 pulse slot are related 

as 

݈݊ ቀ ூ
ቁۄூۃ ൌ ݈݊ ቀ ௉ೝ೔೗

ቁۄ௉ೝ೔೗ۃ ൌ ݈݊ ቀ ఒೞ೔೗
  ఒೞഢ೗തതതതത  

ቁ ൌ ݈݊ሺߣ௦௜௟ሻ െ ݈݊൫ߣ௦ప௟തതതത൯            (3-22) 

where ۃ ௥ܲ௜௟ۄ and  ߣ௦ ప௟തതതതതത are the expected value of the receiver power ௥ܲ ௜௟ and the 

average number ߣ௦ ௜௟ of the incident signal photons for a 1 pulse, respectively. 

The probability density function of the log intensity ℓ is 

ሺℓሻ݌ ൌ
1

ඥ2ߨ ڄ σℓ
ଶ

݁
ିሺℓି௠ℓሻమ

ଶఙℓ
మ  

(3-23) 

where the mean ݉ℓ ൌ െ ఙℓమ

ଶ
 and the variance σℓଶ. By noting that ݁ۃℓۄ ൌ ۃ ூ

ۄூۃ
ۄ ൌ 1, it 

can be proved by using Eq. (3-23) and Eq. (3-25a) that the mean of the log intensity ℓ 

is equal to െ ఙℓమ

ଶ
, i.e. ݉ℓ ൌ െ ఙℓమ

ଶ
. The average optical field amplitude is neither 

attenuated nor amplified if the mean value of log intensity is set to െ ఙℓమ

ଶ
  [13]. During 

the transmission of a number of blocks or in the whole transmission duration, the 

intensity ܫ of laser beam obeys lognormal distribution [13]. Usually a slot is chosen as 

the time interval. For the ilth path of the FSO link, the average number ߣ௦௜௟ of the 

incident signal photon for a 1 pulse obeys lognormal distribution with the following 

PDF as calculated in Appendix B, 

ఒೞ ೔೗݌
ሺߣ௦ ௜௟ሻ ൌ ℓሺℓሻ|ℓୀ௟௡݌ ఒೞ ೔೗ି௟௡ ఒೞ ഢ೗തതതതതത  

݀ሺℓሻ
݀ሺߣ௦ ௜௟ ሻ ൌ

1
ඥ2ߨ ڄ ௦ ௜௟ߣℓଶߪ

݁
ି ሺ௟௡ఒೞ ೔೗ି௟௡ఒೞഢ೗തതതതതି௠ℓሻమ

ଶఙℓమ  

        (3-24) 

where the mean and variance of the random variable ఒೞ ೔೗
   ఒೞ ഢ೗തതതതതത  

 are calculated in Appendix 

B as  
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௦ ௜௟ሽߣሼܧ ൌ ௦ ప௟തതതതതത݁௠ℓା ഑ℓߣ 
మ

మ                                               (3-25a) 

 

ܴܣܸ ቄ ఒೞ ೔೗
   ఒೞ ഢ೗തതതതതത  

ቅ ൌ ௦ప௟തതതതଶ݁ଶ௠ℓାఙℓమሺ݁ఙℓమߣ െ 1ሻ                   (3-25b) 

where ݉ℓ ൌ െ ఙℓమ

ଶ
. If ݉ℓ ൌ െ ఙℓమ

ଶ
, the average optical field amplitude is neither 

attenuated nor amplified. The mean value ܧሼߣ௦ ௜௟ሽ of ߣ௦ ௜௟ is 

௦ ௜௟ሽߣሼܧ ൌ ௦ ప௟തതതതതതߣ  ൌ ଶ஺ೝఈഥ ாೞ
஺್ ௛ ఔ  ே೟

                                       (3-25c) 

In the reference [13], the variance σℓଶ of log intensity is given as  

ℓଶߪ ൌ ఞߪ4
ଶ ൌ ቐ ௡ܥ 1.23

ଶ ߢ
଻
଺ ܴ

ଵଵ
଺          plane      wave

௡ܥ 0.49
ଶ ߢ

଻
଺ ܴ

ଵଵ
଺          spherical wave

 

(3-26) 

where ߢ ൌ ଶగ
ఒ

 and ߪఞ
ଶ is the variance of the log amplitude.  ܥ௡

ଶ is assumed to be 

uniform over the propagation path and typically ranges from  10ିଵହ ݉ି మయ (weak 

turbulence) to  10ିଵଶ ݉ି మయ (strong turbulence). The transition from weak to strong 

turbulence has been found to occur in the range 1 ൏ σℓଶ ൏ 2 . The “scintillation 

index” is used to characterize the degree of fading and given as [1] 

Ψ ൌ eସσಟ
మ െ 1 ൌ eσℓమ െ 1 

(3-27) 

 

3.2.3  Statistical Characteristics of Signals in APD-based Receivers 

FSO channels can be modeled as an ergodic, frequency non-selective and block 

fading channel. The instantaneous channel equation is shown in Eq. (3-7) and Eq. (3-
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9), and the matrix channel equations are shown in Eq. (3-1) and Eq. (3-8). The 

important considerations are: 

(a) During the transmission of one block or several blocks, which includes 

several PPM symbols, the channel gain matrix ࡴ and the transmitted symbol matrix ࡿ 

are deterministic if the transmitted symbols are decided and chosen from the Q-ary 

PPM symbol set. ߚ is the deterministic parameter in order to make the mean of ࡴ 

equal to I, ܧሼࡴሽ ൌ  ௦ and ௧ܰ are also deterministic parameters. As there are manyܧ .ࡵ

noise sources in the systems as discussed in Chapter 2, according to the Central Limit 

Theorem, the channel noise matrix ࡺ obeys Gaussian distribution. ࢅ is the received 

signal matrix at the equalizer output current and obeys a Gaussian distribution. 

Assuming the time interval in a slot, the instantaneous received signals for a 1 

pulse and a 0 pulse in the lth branch are given as  

௟ሺt୭୬ሻݕ ൌ ∑ ாೞ
ே೟

ߚ ڄ ݄௜௟ሺt୭୬ሻ ڄ ௜ሺt୭୬ሻே೟ݏ
௜ୀଵ ൅ ݊௟ሺt୭୬ሻ                          (3-28a) 

௟ሺt୭୤୤ሻݕ ൌ ݊௟ሺt୭୤୤ሻ             (3-28b) 

where ݊௟ሺt୭୬ሻ is the total noise in the lth branch and it obeys the Gaussian distribution 

with the mean ߤ୭୬ ൌ 0 and the variance σ୭୬
ଶ, ݊௟ሺt୭୤୤ሻ is the total noise in the lth 

branch and it obeys a zero-mean Gaussian distribution and with variance σ୭୤୤
ଶ.  

For the one-slot interval, the instantaneous incident photon numbers of APD for 

a 1 pulse and a 0 pulse in the receiver with InGaAs APD, GaAs MESFET 

transimpedance amplifier, equalizer and decision detector, etc., are  

݇௥௟ሺݐ௢௡ሻ ൌ ݇௦௟ሺݐ௢௡ሻ ൅ ݇௕௟ሺݐ௢௡ሻ ൌ ∑ ݇௦௜௟ሺݐ௢௡ሻே೟
௜ୀଵ ൅ ݇௕௝ሺݐ௢௡ሻ      (3-29a) 

݇௥௟ሺt୭୤୤ሻ ൌ ݇௕௟ሺt୭୤୤ሻ                                                                      (3-29b) 

where ݇௥௟ሺt୭୬ሻ, ݇௦௟ሺt୭୬ሻ and  ݇௕௟ሺt୭୬ሻ are the instantaneous numbers of the total 

received photon, signal part photon and background noise photon, in a 1 pulse slot for 
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the lth branch, respectively. ݇௥௟ሺt୭୤୤ሻ and  ݇௕௟ሺt୭୤୤ሻ are the instantaneous number of 

the total received photon and background noise photon, in a 0 pulse slot for the lth 

branch, respectively. 

For the 1 pulse slot, the incident signal photons ݇௦௟ሺt୭୬ሻ with the average 

number ߣ௦௟ contribute to the signal part of the equalizer output current. The incident 

background noise photons ݇௕௟ሺt୭୬ሻ with the average number ߣ௕௟ of a 1 pulse 

contribute to the background noise part of the total Gaussian-distributed noise in 

receivers. For the 0 pulse slot, the incident signal photon number is zero, ݇௦௟ሺt୭୤୤ሻ =0. 

But the incident background noise photons ݇௕௟ሺt୭୤୤ሻ with the average number ߣ௕௝ still 

exists and contributes to the background noise part of the total Gaussian-distributed 

noise in a 0 pulse slot.  

In this analysis of the transmission of one block or several blocks, the average 

number ߣ௦௟ can be treated as a deterministic value.  

 (b) During the transmission of a number of consecutive blocks, the channel 

gain matrix ࡴ shown in Eq. (3-1) is a random variable and its distribution is 

calculated in the following section. The noise matrix ࡺ is the Gaussian-distributed 

random variable. The transmitted symbol matrix ࡿ is deterministic if the transmitted 

symbols are decided and chosen from the Q-ary PPM symbol set. ܧ ,ߚ௦ and ௧ܰ are 

deterministic.  

The instantaneous received signal for a 0 pulse in one branch is the same as Eq. 

(3-28b). It obeys a zero-mean Gaussian distribution with variance ߪ୭୤୤
ଶ. The 

instantaneous received signal for a 1 pulse in one branch ݕ௟ሺݐ௢௡ሻ is the same as the 

one in Eq. (3-28a) and it is impacted by three factors. One factor is the lognormal-

distributed intensity of laser beams, which pass through the different FSO paths. The 
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second factor is the Webb-distributed electron count given out by the ADP. The third 

is the total noise current added to the equalizer output current and it is a zero-mean 

Gaussian-distributed with variance ߪ௢௡
ଶ.  

The instantaneous incident photon numbers of the APD in a 1 pulse slot and in 

a 0 pulse are also be expressed as Eq. (3-29a) and Eq. (3-29b), respectively.  

For the APD-based PPM MIMO systems, in each path with the channel gain 

݄௜௟, the laser beam is exposed to the atmospheric impacts and has attenuation and 

dispersion. During the transmission of a number of consecutive blocks, in the one-slot 

interval, the incident signal photon number ݇௦௜௟ሺt୭୬ሻ of a 1 pulse from the ilth path is 

a random variable. The average number of the incident signal photons is ߣ௦௜௟ and for 

the ݄௜௟ path, the probability distribution function (PDF) of ߣ௦ ௜௟ is  

ఒೞ೔೗݌
ሺߣ௦ ௜௟ሻ ൌ ଵ

ඥଶ஠ڄ஢ℓమఒೞ ೔೗
e

ି 
ሺౢ౤ ഊೞ ೔೗షౢ౤ഊೞഢ೗തതതതതതషౣℓሻమ

మಚℓ
మ                         (3-30) 

In receivers, the incident photons are focused to the receiving area of the APD 

and detected by the APD. Inside the APD, there are two processes shown in Fig 3-4. 

The first is the primary photon-injecting process and the second is the photon-electron 

multiplication process.  

 

 

 

 

 

Figure 3.4  Two processes in APDs 

For the first process, ݇௦ 
′
௜௟ is the total photon-electron number of a 1 pulse 

emitted by the first photon-injecting process during the one-slot interval. The main 
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Emitted photonelectron  

number ݇௦ 
ᇱ
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relationship of the incident signal photon number ݇௦ ௜௟ arriving at the APD and the 

emitted photoelectron number ݇௦ 
′
௜௟ in the APD can be expressed by the quantum 

efficiency ߟ as [11] 

݇௦ 
′
௜௟ ൌ  ௦ ௜௟                                                    (3-31)݇ ߟ

According to semiclassical radiation theory, in one slot ௕ܶ, the mean average rate of 

the emission of the photoelectrons with the received average power ௥ܲഥ  and intensity ܫ ҧ 

of the laser beam is [13] 

 ௦ߣ
′
ప௟

തതതതതത ൌ ఎ P౨ തതതത

௛ ఔ
ൌ  ఎ I౨തതത A౨ 

௛ ఔ
                                        (3-32) 

where  ܫ௥തതത is the received laser beam intensity. The emitted photoelectron number ݇௦ 
′
௜௟ 

obeys a Poisson distribution and the PDF of ݇௦ 
′
௜௟ is [13] 

qሺ݇௦ 
′
௜௟,  ௦ߣ

′
௜௟ሻ ൌ ሺఒೞ 

′
೔೗ሻೖೞ 

′
೔೗ ڄ ௘షഊೞ 

′
೔೗

௞ೞ 
′
೔೗ !

                      (3-33) 

We can calculate the PDF of the incident photon number ݇௦ ௜௟ at the receivers as  

 qሺ݇௦ ௜௟ሻ ൌ  ሺ݇௦ݍ
′
௜௟ሻ|௞ೞ 

′
೔೗ୀఎ ௞ೞ ೔೗

  ௗሺ௞ೞ 
′
೔೗ሻ

ௗሺ௞ೞ ೔೗ሻ
ൌ ߟ ሺఒೞ 

′
೔೗ሻሺആ ೖೞ ೔೗ሻڄ௘షഊೞ 

′
೔೗

ሺఎ ௞ೞ ೔೗ሻ !
          (3-34) 

and the relationship of ߣ௦ 
′
௜௟ and ߣ௦ ௜௟ is given as 

 ௦ߣ
ᇱ
௜௟ ൌ  ௦ ௜௟                                          (3-35)ߣ ߟ

The relationship of the average number of ߣ௦ 
ᇱ
௜௟ and ߣ௦ ௜௟ is  

௦ ప௟തതതതതߣ          ൌ ఒೞ 
ᇲ

ഢ೗
തതതതതതത

ఎ
ൌ   ௉ೝതതത்್ 

ఎ ௛ ఔ
ൌ    ூೝതതത ஺ೝ்್ 

ఎ ௛ ఔ
  ൌ ଶ஺ೝ௉೟்್ఈഥ

ఎ ௛ ఔ ஺್
 ൌ ଶ஺ೝఈഥ ாೞ

஺್ ௛ ఔ  ே೟
                   (3-36) 

For the second process, ݉௦ ௜௟ is the total electron number in a 1 pulse slot given 

out by the APD. ݌௠ೞ ೔೗൫݉௦ ௜௟ | ݇௦ 
ᇱ
௜௟ ,  ௦ ௜௟൯ is the probability distribution function of theߣ

electron number ݉௦ ௜௟ given out by the APD, on condition of the primary 
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photoelectron number ݇௦ 
ᇱ
௜௟ in the ADP and the incident photon number ݇௦ ௜௟ arriving 

at the APD. The PDF ݌௠ೞ ೔೗
ሺ݉௦ ௜௟ሻ of the electron count ݉௦ ௜௟ is given by  

௠ೞ ೔೗݌
ሺ݉ݏ ݈݅ሻ ൌ න ቎ ෍  ݏ݇ | ݈݅ ݏ൫݉ݏݍ

Ԣ
݈݅, ൯݈݅ ݏߣ

∞

 ݏ݇ 
Ԣ
݈݅ൌ1

 ݏ൫݇ݍ
Ԣ
൯቏݈݅ ݏߣ|݈݅

∞

െ∞
ڄ ఒೞ ೔೗݌

ሺݏߣ ݈݅ሻ ڄ  ݈݅ ݏߣ݀

   (3-37) 

The PDF of the electron number ݉௦ with the mean primary photoelectron number ത݇ 

in the APD is proposed as the Webb distribution in Chapter 2 [13] 

௦௪ሺ݉௦ሻ݌ ൌ  

 ݌ݔ݁

ە
ۖ
۔

ۖ
ۓ

െ 
൫݉௦ െ ത݇ܯ൯ଶ

2݇௦ܯଶܨ ቈ1 ൅
൫݉௦ െ ത݇ܯ൯ሺܨ െ 1ሻ

ത݇ܨܯ ቉
ۙ
ۖ
ۘ

ۖ
ۗ

ඥ2ߨ ത݇ܯଶܨ  ቈ1 ൅
൫݉௦ െ ത݇ܯ൯ሺܨ െ 1ሻ

ത݇ܨܯ
቉

ଷ
ଶ

 

 (3-38) 

This Webb model has the requirement that the emitted electron number should not be 

smaller than the photon-electron number, i.e. ݉௦ ൒  ത݇ ൒ 0 , and the photon-electron 

pairs generated by the first photon-injecting process obey a Poison distribution [13]. 

For 1 pulse slots in the APD-based receiver, the requirements of ݉௦ ௜௟ ൒  ݇௦ 
′
௜௟ ൒ 0 

and the Poisson distribution of ݇௦ 
′
௜௟ can be satisfied for APDs that work normally. 

Hence, for MIMO FSO systems, the PDF of the electron number ݉௦ ௜௟ emitted by 

APD can be expressed as  

௦ ௜௟ሻߣ|௦௪ሺ݉௦ ௜௟݌ ൌ ෍  ௦൫݉௦ ௜௟ | ݇௦ݍ
ᇱ
௜௟, ௦ ௜௟൯ߣ

ஶ

 ௞ೞ 
ᇲ

೔೗ୀଵ

 ൫݇௦ݍ
ᇱ
௜௟|ߣ௦ ௜௟൯ 

(3-39) 
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During the transmission of a number of consecutive blocks, the incident photon 

average number ߣ௦ ௜௟ arriving at the APD is a random variable with the PDF in Eq. (3-

30). Since the average values of ݇௦ 
ᇱ
௜௟ and ݇௦ ௜௟ are ߣ௦ 

ᇱ
௜௟ and ߣ௦ ௜௟, respectively, and 

they have the relationships of ݇௦ 
ᇱ
௜௟ ൌ  ௦ߣ ௦ ௜௟ and݇ ߟ

ᇱ
௜௟ ൌ  ௦ ௜௟, the PDF of theߣ ߟ

electron number ݉௦ ௜௝ on condition of ߣ௦ ௜௟ is  

௦ ௜௟ሻ|ఒ್ୀ଴ߣ|௦௪ሺ݉௦ ௜௟݌ ൌ ,௦௪൫݉௦ ௜௟݌  ௦ߣ
ᇱ
௜௟|ߣ௦ ௜௟൯|ఒೞ 

ᇲ
೔೗ୀఎ ఒೞ ೔೗,ఒ್ୀ଴ 

                  ൌ , ௦௪ሺ݉௦ ௜௟݌  ௦ ௜௟ሻ|ఒ್ୀ଴ߣ|௦ ௜௟ߣ ߟ

ൌ  

൞െ ሺ݉௦ ௜௟ ݌ݔ݁ െ ሻଶܯ௦ ௜௟ߣ ߟ

ܨଶܯ௦ ௜௟ߣ ߟ2 ൤1 ൅ ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ
ܨܯ௦ ௜௟ߣ ߟ ൨

ൢ

ඥ2ߣ ߟߨ௦ ௜௟ܯଶܨ  ൤1 ൅ ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ
ܨܯ௦ ௜௟ߣ ߟ ൨

ଷ
ଶ

 

(3-40) 

Then, the probability distribution function of the electron count ݉௦ ௜௟ emitted by the 

APD can be represented on condition of ߣ௦ ௜௟ arriving at the APD 

௠ೞ ೔೗݌
ሺ݉௦ ௜௟ሻ ൌ ׬ ௦ ௜௟ሻߣ  | ௦௪ሺ݉௦ ௜௟݌ ڄ ఒೞ ೔೗݌

ሺߣ௦ ௜௟ሻ ڄ ௦ ௜௟ߣ݀
ஶ

ିஶ              (3-41) 

As ߣ௦ ௜௟ ൒ 0 and the lower limit of the above integral is zero, the PDF of ݉௦ ௜௟ is  

௠ೞ ೔೗݌
ሺ݉௦ ௜௟ሻ ൌ න ௦ ௜௟ሻߣ  | ௦௪ሺ݉௦ ௜௟݌ ڄ ఒೞ ೔೗݌

ሺߣ௦ ௜௟ሻ ڄ ௦ ௜௟ߣ݀

ஶ

଴
 

ൌ න  

൞െ ሺ݉௦ ௜௟ ݌ݔ݁ െ ሻଶܯ௦ ௜௟ߣ ߟ

ܨଶܯ௦ ௜௟ߣ ߟ2 ൤1 ൅ ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ
ܨܯ௦ ௜௟ߣ ߟ ൨

ൢ

ඥ2ߣ ߟߨ௦ ௜௟ܯଶܨ  ൤1 ൅ ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ
ܨܯ௦ ௜௟ߣ ߟ ൨

ଷ
ଶ

ஶ

଴
ڄ ఒೞ ೔೗݌

ሺߣ௦ ௜௟ሻ ڄ  ௦ ௜௟ߣ݀

ൌ න
1

ඥ2ߣ ߟ ߨ௦ ௜௟ܯଶܨ 
ቈ1 ൅
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 ൞െ ݌ݔ݁
ሺ݉௦ ௜௟ െ ሻଶܯ௦ ௜௟ߣ ߟ
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 ൞െ ݌ݔ݁
ሺ݉௦ ௜௟ െ ሻଶܯ௦ ௜௟ߣ ߟ

ܨଶܯ௦ ௜௟ߣ ߟ2 ൤1 ൅ ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ
ܨܯ௦ ௜௟ߣ ߟ ൨

െ
ሺ݈݊ ߣ௦ ௜௟ െ ௦ ప௟തതതതതߣ݈݊ െ ݉ℓሻଶ

ℓߪ2
ଶ ൢ  ௦ ௜௟ߣ݀

(3-42) 

where ߣ௦ ప௟തതതതത ൌ ଶA౨ఈഥ E౩
Aౘ ௛ ఔ  N౪

 . With some parts of the detailed derivation in Appendix C, 

௠ೞ ೔೗݌
ሺ݉௦ ௜௟ሻ can be expressed as 

௠ೞ ೔೗݌
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ି   ଷଶ

 
ஶ

଴
 

 ൝െ ݌ݔ݁
ቀఎఒೞ ೔೗ ି ೘ೞ ೔೗

ಾ ቁ
మ

ଶ൤ఎ ఒೞ ೔೗ ା 
೘ೞ ೔೗ሺಷషభሻ

ಾ ൨
െ ሺ௟௡ ఒೞ ೔೗ି௟௡ఒೞ ഢ೗തതതതതതି௠ℓሻమ

ଶఙℓ
మ ൡ  ௦ ௜௟                (3-43)ߣ݀

In Eq. (3-43), the following substitution is made 

ݔ ൌ
௦ ௜௟ߣ ݈݊ െ ௦ ప௟തതതതതߣ݈݊ െ ݉ℓ

ℓߪ2√
 

(3-44a) 

 

௦ ௜௟ߣ  ൌ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ 

(3-44b) 
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௦ ௜௟ߣ݀  ൌ  ௗఒೞ ೔೗
ௗ௫

 ݔℓ݀ߪ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯√2݁ =ݔ݀

(3-44c) 

Since ߣ௦ ௜௟ ൒ 0, we can get the range of x : െ∞ ൑ ݔ ൑ ∞ . The upper limit and lower 

limit of the integral ݌௠ೞ ೔೗
ሺ݉௦ ௜௟ሻ are infinity and negative infinity. The PFD can be 

expressed as 

௠ೞ ೔೗݌
ሺ݉௦ ௜௟ሻ ൌ

ܨߟ
න ܯℓߪ ߨ2 ݁ି௫మ ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞതതത  ା ௠ℓ ൯ ൅

݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ି   ଷଶ
 

ஶ

ିஶ
 

 ൞െ ݌ݔ݁
ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞതതത  ା ௠ℓ ൯ െ ݉௦ ௜௟

ܯ ቃ
ଶ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞതതത  ା ௠ℓ ൯ ൅ ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ൢ  ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯√2ߪℓ݀ݔ 

ൌ
ܨߟ

 ܯ ߨ2√
න ݁ି௫మ ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ ൅

݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ି   ଷଶ
 

ஶ

ିஶ
 

 ൞െ ݌ݔ݁
ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ െ ݉௦ ௜௟

ܯ ቃ
ଶ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ ൅  ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ൢ  ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯݀ݔ 

 (3-45) 

According to the Gaussian Hermite quadrature rule [16], the integral can be given by 

the following expression  

׬ ݂ሺݔሻஶ
ିஶ ݁ି௫మ݀ݔ ൎ ∑ ௨ሻேೠݔ௨݂ሺݓ

௨ୀିேೠ
௨ஷ଴

                    (3-46a) 

where ሼݔ௨ሽ and ሼݓ௨ሽ  ሺݑ ൌ െ ௨ܰ, ௨ܰ ൅ 1, … െ 1,1,2 … ௨ܰ െ 1, ௨ܰሻ are the zeros and 

the weight factors of the Hermite polynomial [4], respectively. This estimation 

process yields fairly accurate results for values of ௨ܰ ൑ 10. Since ሼݔ௨ሽ and ሼݓ௨ሽ are 

well-tabulated in reference [4], the tractable means of estimating performance can be 

obtained. By selecting the suitable ௨ܰ, the calculating error can be very small. Let 

݂ሺݔሻ be  
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݂ሺݔሻ ൌ
ܨߟ

 ܯ ߨ2√
൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ ൅

݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ି   ଷଶ
 

 ൞െ ݌ݔ݁
ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  െ   ݉௦ ௜௟

ܯ ቃ
ଶ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  ൅   ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ൢ  ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ 

  (3-46b) 

Hence, we have 

௠ೞ ೔೗݌
ሺ݉௦ ௜௟ሻ ൎ ෍ ௨ݓ

ܨ
√2π ܯ 

ேೠ

௨ୀିேೠ
௨ஷ଴

൤ߟ ݁൫√ଶ஢ℓ ௫ೠ ା ୪୬ఒೞ ഢ೗തതതതതത  ା ୫ℓ ൯ ൅
݉௦ ௜௟ሺܨ െ 1ሻ

ܯ ൨
ି   ଷଶ

 

 ൞െ ݌ݔ݁
ቂ݁ߟ൫√ଶ஢ℓ ௫ೠ ା ୪୬ఒೞ ഢ೗തതതതതത  ା ୫ℓ ൯  െ  ݉௦ ௜௟

ܯ ቃ
ଶ

2 ൤ߟ ݁൫√ଶ஢ℓ ௫ೠ ା ୪୬ఒೞ ഢ೗തതതതതത  ା ୫ℓ ൯  ൅   ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ൢ  ൫√ଶ஢ℓ ௫ೠ ା ୪୬ఒೞ ഢ೗തതതതതത  ା ୫ℓ ൯݁ ߟ 

 (3-47) 

Let   ܭ௪ೠ ൌ ௨ݓ
ி

√ଶ஠ ெ 
 

(3-48a) 

௫ೠܭ       ൌ  ൫√ଶ஢ℓ ௫ೠ ା ୪୬ఒೞ ഢ೗തതതതതത  ା ୫ℓ ൯݁ ߟ

(3-48b) 

where ߣ௦ ప௟തതതതത ൌ  ଶA౨ఈ E౩
Aౘ ୦஝  N౪

  

௠ೞ ೔೗݌
ሺ݉௦ ௜௟ሻ 

ൎ ෍ ௪ೠܭ

ேೠ

௨ୀିேೠ
௨ஷ଴

௫ೠܭ ൤
ሺܨ െ 1ሻ

ܯ ݉௦ ௜௟ ൅ ௫ೠ൨ܭ
ቀି  ଷଶቁ

 ൞െ ݌ݔ݁
ቀ  ݉௦ ௜௟

ܯ െ ܭ௫ೠ ቁ
ଶ

2 ൤ሺܨ െ 1ሻ
ܯ ݉௦ ௜௟ ൅ ௫ೠ   ൨ܭ

ൢ 

(3-48c) 
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3.2.4  Receiver Noises in MIMO FSO Systems  

For MIMO FSO systems, in each transmission path, the optical signal is 

impacted by the turbulence-induced fading and the additive white Gaussian noise of 

the free space optical path is added. The AWGN in each FSO path obeys Gaussian 

distribution ܰሺߤ௜, ௜ߪ
ଶሻ  1 ൑ ݅ ൑ ௧ܰ. At each receiver shown in Fig. 3.3, the ௧ܰ laser 

beams from the transmitter array are received by the APDs simultaneously. The total 

path AWGN at each APD obeys Gaussian distribution ܰ൫ߤ௣௔௧௛, ௣௔௧௛ߪ
ଶ൯ with mean 

௣௔௧௛ߤ ൌ ∑ ௜ߤ
ே೟
௜ୀଵ  and variance ߪ௣௔௧௛

ଶ ൌ ∑ ௜ߪ
ଶே೟

௜ୀଵ  . The power spectral density of the 

path AWGN is ܵ௣௔௧௛ ൌ ௣௔௧௛ߪ
ଶ and the power of the path AWGN is ௣ܲ௔௧௛ ൌ

௣௔௧௛ߪ
ଶܤ . But the sum of the noise is much smaller compared to the noise induced in 

the receiver and it is negligible for the calculation of the error probability. 

In MIMO FSO systems, when the post-detection Equal Gain Combining with 

the envelope detection is implemented, the noise currents in the different branches are 

assumed as i.i.d Gaussian-distributed random variables and the expression equation is 

given as  

ݕ ൌ ෍ ௟ ݕ

ேೝ

௟ୀଵ

ൌ ෍ ෍
௦݃ܧܣܯ࣬

௧ܰ
 ݄௜௟ ڄ  ௜ݏ

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

൅ ෍ ݊௟

ேೝ

௟ୀଵ

 

(3-49) 

According to the discussion of the noise components in Chapter 2, the variances of 

the noise currents at the decision detector for a 1 pulse and a 0 pulse in MIMO FSO 

systems are represented as σ୭୬
ଶ and σ୭୤୤

ଶ with  
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௢௡ߪ
ଶ ൌ

1
ଶܤ ෍ ௢௡ ௟ߪ

ଶ

ேೝ

௟ୀଵ

 

ൌ ேೝ
஻మ ଶܣ ൜ቂ2 ఎ௤௕೚೙

௛ఔ்್
ܨଶܯ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻቃܫ ܤଶܫݍ ൅

ቀ2ܫݍ௚௔௧௘ ൅ ସ௞ಳ்
ோ್

൅ ସ௞ಳ்௰೐
௚೘ڄோ್

మቁ ܤଶܫ ൅ ሺ2ܥߨሻଶ ସ௞ಳ்௰೐
௚೘

ଷܤଷܫ ൅ ସ௞ಳ்
ோ೑

    ቅܤଶܫ

ൌ ேೝ
஻మ ଶܣ ቄቂ2 ఎ௤௕೚೙

௛ఔ்್
ܨଶܯ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻቃܫ ܤଶܫݍ ൅ ଶܤଶݍ

்ܹ௓ቅ  

                (3-50a) 

where ்ܹ௓ ൌ ଵ
௤మ஻

ቀ2ܫݍ௚௔௧௘ ൅ ସ௞ಳ்
ோ್

൅ ସ௞ಳ்௰೐
௚೘ڄோ್

మቁ ଶܫ ൅ ቀଶగ஼
௤

ቁ
ଶ ସ௞ಳ்௰೐

௚೘
ܤଷܫ ൅ ்್

௤మ
ସ௞ಳ்

ோ೑
 ଶܫ

୭୤୤ߪ
ଶ ൌ

1
ଶܤ ෍ ୭୤୤ ௟ߪ

ଶ

ேೝ

௟ୀଵ

 

ൌ ேೝ
஻మ ଶܣ ൜ቂ2 ఎ௤௕೚೙

௛ఔ்್
ሺ1 െ ܨଶܯ௦ሻߛ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻቃܫ ܤଶܫݍ ൅

ቀ2ܫݍ௚௔௧௘ ൅ ସ௞ಳ்
ோ್

൅ ସ௞ಳ்௰೐
௚೘ڄோ್

మቁ ܤଶܫ ൅ ሺ2ܥߨሻଶ ସ௞ಳ்௰೐
௚೘

ଷܤଷܫ ൅ ସ௞ಳ்
ோ೑

    ቅܤଶܫ

ൌ ௥ܰ

ଶܤ ଶܣ ൜൤2
௢௡ܾݍߟ

ߥ݄ ௕ܶ
ሺ1 െ ܨଶܯ௦ሻߛ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻ൨ܫ ܤଶܫݍ

൅ ଶܤଶݍ
்ܹ௓ൠ 

(3-50b) 

If we assume that the receiver is ideal and linear, and it changes the input 

optical power to the electrical current with the coefficients ሺ࣬MABሻ linearly, we can 

calculate the unity gain equivalent variances of the equivalent input power to the 

receiver in the 1 pulse slot and in the 0 pulse slot as 

௘௤_୭୬ߪ
ଶ ൌ ேೝۃ௜ಿ

మۄ౥౤
ሺ࣬ெ஺஻ ሻమ  

     ൌ ேೝ
ሺ࣬ெ஺஻ ሻమ ሺܤܣݍሻଶ ቂଶ  ۃ௜బۄభ  ெమிାଶ࣬ሺ௉್ା௉೎ሻெమிାଶ൫ூ೏್ெమிାூ೏ೞ൯

௤ ௕ܶܫଶ ൅ ்ܹ௓ቃ 
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     ൌ ቀ௛ఔ
ఎ

ቁ
ଶ

ቂଶఎ
௛ఔ

ቀ௕೚೙
்್

൅ ௕ܲ ൅ ௖ܲቁ ܨ ௕ܶܫଶ ൅ 2 ௕ܶܫଶ
൫ூ೏್ெమிାூ೏ೞ൯

௤ெమ ൅ ௐ೅ೋ
ெమ ቃ        (3-51a) 

௘௤_୭୤୤ߪ
ଶ ൌ ேೝۃ௜ಿ

మۄ౥౜౜
ሺ࣬ெ஺஻ ሻమ   

     ൌ ேೝ
ሺ࣬ெ஺஻ ሻమ ሺܤܣݍሻଶ ቂଶ  ۃ௜బۄబ  ெమிାଶ࣬ሺ௉್ା௉೎ሻெమிାଶ൫ூ೏್ெమிାூ೏ೞ൯

௤ ௕ܶܫଶ ൅ ்ܹ௓ቃ 

     ൌ ቀ௛ఔ
ఎ

ቁ
ଶ

ቂଶఎ
௛ఔ

ቀ௕೚೙
்್

ሺ1 െ ௦ሻߛ ൅ ௕ܲ ൅ ௖ܲቁ ܨ ௕ܶܫଶ ൅ 2 ௕ܶܫଶ
൫ூ೏್ெమிାூ೏ೞ൯

௤ெమ ൅ ௐ೅ೋ
ெమ ቃ   

(3-51b) 

 

3.2.5  Signal to Noise Ratio Calculation 

For the 1 pulse slots, because the transmitted signal energy is not zero, the 

signal to noise ratio is not zero, which is very important for the PPM demodulation 

and the performance analysis. For the 0 pulse slots, the transmitted signal is zero and 

the signal to noise ratio is zero. As the PPM demodulator detects each slot in one 

symbol, the values and impacts of SNRs in 1 pulse slots and 0 pulse slots are 

different. The instantaneous SNR is referred to the one in the 1 pulse slot. 

The detailed mean-square signal currents ݅ۃ௦
ଶۄ௢௡  and ݅ۃ௦

ଶۄ୭୤୤  in the equalizer 

output current at the APD receiver for a 1 pulse slot and a 0 pulse, respectively, are  

௦݅ۃ
ଶۄ୭୬ ൌ ቀఎ௤௕೚೙

௛ఔ்್
ቁܣܯ

ଶ
ൌ ሺ࣬ ௦ܲܣܯሻଶ                                        (3-52a) 

௦݅ۃ
ଶۄ୭୤୤ ൌ ቂఎ௤௕೚೙

௛ఔ்್
ሺ1ܣܯ െ ௦ሻቃߛ

ଶ
ൌ ሾ࣬ ௦ܲܣܯሺ1 െ  ௦ሻሿଶ              (3-52b)ߛ

The signal to noise ratio of the equalizer output current is  

ܴܵܰ୭୬ ൌ
௦݅ۃ

ଶۄ୭୬

௢௡ ௟ ଶߪ  

ൌ
ሺ࣬ ௦ܲܣܯሻଶ

ଶܣ ቊ൤2 ௢௡ܾݍߟ
ߥ݄ ௕ܶ

ܨଶܯ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻ൨ܫ ܤଶܫݍ ൅ ቆ2ܫݍ௚௔௧௘ ൅ 4݇஻ܶ
ܴ௕

൅ 4݇஻ܶ߁௘
݃௠ ڄ ܴ௕

ଶቇ ܤଶܫ ൅ ሺ2ܥߨሻଶ 4݇஻ܶ߁௘
݃௠

ଷܤଷܫ ൅ 4݇஻ܶ
௙ܴ

ቋܤଶܫ
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ൌ
ሺ࣬ ௦ܲܯሻଶ

ቊ൤2 ௢௡ܾݍߟ
ߥ݄ ௕ܶ

ܨଶܯ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻ൨ܫ ܤଶܫݍ ൅ ቆ2ܫݍ௚௔௧௘ ൅ 4݇஻ܶ
ܴ௕

൅ 4݇஻ܶ߁௘
݃௠ ڄ ܴ௕

ଶቇ ܤଶܫ ൅ ሺ2ܥߨሻଶ 4݇஻ܶ߁௘
݃௠

ଷܤଷܫ ൅ 4݇஻ܶ
௙ܴ

ቋܤଶܫ
 

 

(3-53) 

The signal to noise ratio after the post-detection EGC with the envelop detection at 

the decision circuit is  

ܴܵܰ௢௡_ாீ஼ ൌ
௦݅ۃ

ଶۄ௢௡ ௥ܰ
ଶ

௢௡ ௟ߪ
ଶ

௥ܰ
 

ൌ
N୰ሺ࣬PୱMAሻଶ

Aଶ ቊ൤2 ηqb୭୬
hߥTୠ

MଶF ൅ 2࣬ሺPୠ ൅ PୡሻMଶF ൅ 2ሺIୢୠMଶF ൅ Iୢୱሻ൨ qIଶB ൅ ቆ2qI୥ୟ୲ୣ ൅ 4kBT
Rୠ

൅ 4kBTΓୣ
g୫ ڄ Rୠ

ଶቇ IଶB ൅ ሺ2πCሻଶ 4kBTΓୣ
g୫

IଷBଷ ൅ 4kBT
R୤

IଶBቋ
 

ൌ
N୰ሺ࣬PୱMሻଶ

ቊ൤2 ηqb୭୬
hߥTୠ

MଶF ൅ 2࣬ሺPୠ ൅ PୡሻMଶF ൅ 2ሺIୢୠMଶF ൅ Iୢୱሻ൨ qIଶB ൅ ቆ2qI୥ୟ୲ୣ ൅ 4kBT
Rୠ

൅ 4kBTΓୣ
g୫ ڄ Rୠ

ଶቇ IଶB ൅ ሺ2πCሻଶ 4kBTΓୣ
g୫

IଷBଷ ൅ 4kBT
R୤

IଶBቋ
 

 

(3-54) 

The unity gain equivalent signal currents for a 1 pulse slot and a 0 pulse slot are 

଴_௦݅ۃ
ଶۄ୭୬ ൌ ௜ೞۃ

మۄ౥౤
ሺ࣬ெ஺஻ ሻమ ൌ

൬ആ೜್೚೙
೓ഌ೅್

ெ஺൰
మ

ሺ࣬ெ஺஻ ሻమ ൌ ܾ௢௡
ଶ                                      (3-55a) 

଴_௦݅ۃ
ଶۄ୭୤୤ ൌ ௜ೞۃ

మۄ౥౜౜
ሺ࣬ெ஺஻ ሻమ ൌ

൤ആ೜್೚೙
೓ഌ೅್

ெ஺ሺଵିఊೞሻ൨
మ

ሺ࣬ெ஺஻ ሻమ ൌ ሾܾ௢௡ሺ1 െ  ௦ሻሿଶ             (3-55b)ߛ

The unity gain equivalent SNR for a 1 pulse slot can be expressed as  

SNRୣ୯_୭୬ ൌ ୧బ_౩ۃ
మۄ౥౤

஢౥౤మ ൌ ୠ౥౤
మ

ቀ౞ഌ
ಏ ቁ

మ
൤మಏ

౞ഌ൬ౘ౥౤
౐ౘ

ାPౘାPౙ൰୊TౘIమାଶTౘIమ
൫IౚౘMమFశIౚ౩൯

౧Mమ ାW౐Z
Mమ ൨

       (3-56) 

 

3.3  Probability Density Function Calculation of Channel Gains  

For the mathematical model of MIMO FSO systems with block fading given in 

Section 3.2, the channel gain is a very important parameter for analyzing the system 

performance. The probabilistic characteristics of the channel gain and received signal 

are discussed in this section and the equation for the PDF of the channel gain is 

presented in detail. 
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At the receiver, the instantaneous signal received from the FSO paths, are 

expressed in Eq. (3-28a) and (3-28b). We assume that the amplifiers in the receiver 

work in the linear range and can be treated as a model amplifying the signal ܣ times 

and adding the amplifier noise at the same time. In the transmission of MIMO FSO 

system, the transmitted signals pass through the channels with random channel gains 

and are added to the Gaussian noise.  

The equalizer output current ݕ ௟ of the ݈th branch of the APD-based receiver can 

be represented by the function of the transmitted symbol ݏ ௜ and the channel gain ݄ ௜௟ 

as  

௟ ݕ ൌ ෍
௦݃ܧܣܯ࣬

௧ܰ ௕ܶ
 ݄ ௜௟ ڄ  ௜ ݏ

ே೟

௜ୀଵ

൅ ݊ ௟ 

 (3-57) 

where ݃ represents the link gain coefficient of the FSO communication channels, 

which makes the mean channel gain ݄௜௟ unity, ܧሼ݄௜௟ሽ ൌ 1. During the processing of 

the APD-based receiver, the equalizer output current ݕ௠ ௟ for one slot can also be 

represented by the function of the electron count ݉௦ ௜௟ as  

௠ ௟ݕ ൌ ∑ ஺௤
்್

݉ ௦ ௜௟ ڄ  ௜ ݏ
ே೟
௜ୀଵ ൅ ݊ ௟                                   (3-58) 

The signal parts of Eq. (3-57) and Eq. (3-58) equal to each other:   

∑ ஺ ௤
்್

 ݉ ௦ ௜௟ 
ே೟
௜ୀଵ ൌ ∑ ࣬ெ஺ாೞ௚

ே೟்್
 ݄ ௜௟ ڄ  ௜ ݏ

ே೟
௜ୀଵ                        (3-59) 

For each path of the FSO links, we obtain 

஺ ௤
்್

 ݉ ௦ ௜௟ ൌ ࣬ெ஺ாೞ௚
ே೟்್

 ݄ ௜௟ ڄ  ௜                                       (3-60) ݏ

݉ ௦ ௜௟ ൌ ࣬ ெ ாೞ ௚
௤ ே೟ 

 ݄ ௜௟ ڄ  ௜                                             (3-61) ݏ

The PDF of the channel gain ݄௜௟ is obtained from Eq. (3-48c) and is given as  
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௛೔೗݌
ሺ݄௜௟ሻ ൌ ௠ೞ ೔೗݌

ሺ݉௦ ௜௟ሻ|
௠ೞ ೔೗ୀ࣬ொೞ௚

௤ே೟
௛ ೔೗

ڄ
݀݉௦ ௜௟

݄݀ ௜௟
 

ൌ ෍ ௫ೠ ܭ௪ೠܭ

݃ ௦ܧܯ࣬
ݍ ௧ܰ

 

݌ݔ݁ ൞െ 
ቀ࣬ܧ௦ ݃

ݍ ௧ܰ
 ݄ ௜௟ െ ௫ೠቁ ܭ

ଶ

2 ൤ሺܨ െ 1ሻ࣬ܧ௦ ݃
ݍ ௧ܰ

 ݄ ௜௟ ൅ ௫ೠ൨ ܭ
ൢ

൤ሺܨ െ 1ሻ࣬ܧ௦ ݃
ݍ ௧ܰ

 ݄ ௜௟ ൅ ௫ೠ൨ ܭ
ଷ
ଶ

ேೠ

௨ୀିேೠ
௨ஷ଴

 

(3-62) 

where ܭ௪ೠ and ܭ ௫ೠ are given in Eq. (3-48a) and Eq. (3-48b). The mean expression of 

the current in Eq. (3-57) and Eq. (3-58) for FSO links are assumed as  

௠ ௟ሽݕሼܧ ൌ  ௟ሽ                                                                     (3-63) ݕሼܧ

ܧ ቄ஺௤
்್

݉ ௦௜௟ቅ ൅ ሼ݊ ௟ሽܧ ൌ ܧ ቄ࣬ெ஺ாೞ௚
ே೟்್

ቅ ௜ሽ ݏሼܧሼ݄ ௜௟ሽܧ ൅  ሼ݊ ௟ሽ    (3-64)ܧ

Since ௤
்್

݉௦ ௜௟ and ࣬ܯ ௥ܲ ௜௟݄ ௜௟ (where ௥ܲ ௜௟ ൌ ாೞ
ே೟்್

 ) are both the expressions of the 

APD output current, we can get 

ܧ ቄ ௤
்್

݉௦ ௜௟ቅ ൌ ࣬ܯሼܧ ௥ܲ ௜௟݄ ௜௟ሽ                                               (3-65) 

Substitute Eq. (3-65) for the ܧ ቄ ௤
்್

݉௦ ௜௟ቅ in Eq. (3-64), we obtain 

ܧ ቄ஺ெ࣬௉ೝ ೔೗௛ ೔೗
்್

ቅ ൅ ሼ݊ ௟ሽܧ ൌ ܧ ቄ࣬ெ஺ாೞ௚
ே೟்್

ቅ ௜ሽ ݏሼܧሼ݄ ௜௟ሽܧ ൅  ሼ݊ ௟ሽ    (3-66)ܧ

As ܧሼ݄ ௜௟ሽ ൌ ௜ሽ ݏሼܧ ,1 ൌ 1 and ܧሼ݊ ௟ሽ ൌ 0 , Eq. (3-66) can be given as  

ܧ ቄெ஺࣬௉ೝ ೔೗
்್

ቅ ൌ ܧ ቄ࣬ெ஺ாೞ௚
ே೟்್

ቅ                                                          (3-67) 

௥ܲ ௜௟ and ܧ௦ are random variables. The other parameters, such as ܣ ,ܯ, ࣬, ௕ܶ, ௧ܰ, are 

deterministic. The equation can be expressed as  

࣬ ܣܯ ௥ܲ ప௟തതതതത  ൌ ࣬ெ஺ாೞതതത௚
ே೟்್

                                                           (3-68) 

݃ ൌ   ௉ೝ ഢ೗തതതതതത ே೟ ்್
ாೞതതത 

                                                                  (3-69) 
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where ܧ௦തതത is the average total transmitting power for a 1 pulse by the laser array, ௥ܲ ప௟തതതതത 

is the average incident power received by one APD-based branch from one path. 

According to Eq. (3-68), it can be obtained that  

௦തതതܧ ൌ ஺್௉ೝ ഢ೗തതതതതത ே೟ ்್
ଶ஺ೝఈ

                                                        (3-70) 

Hence, the link gain coefficient is 

݃ ൌ  ௉ೝ ഢ೗തതതതതത ே೟ ்್
ಲ್ುೝ ഢ೗തതതതതതത ಿ೟ ೅್

మಲೝഀ  
ൌ ଶ஺ೝఈ

஺್ 
                                               (3-71) 
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CHAPTER      4 

ERROR PROBABILITY CALCULATION OF MIMO FSO SYSTEMS 

 

4.1  Symbol Error Probability Calculation of MIMO FSO Systems 

In practice, the optical signal emitted by a transmitter deviates from the ideal 1 and 0 

bit stream. It can be degraded by channel fading during its transmission through free 

space and by the noise in the optical receiver. Thus the performance of optical 

receivers is severely limited. MIMO techniques can overcome channel fading and 

improve the system performance. Based on the analysis of FSO communication 

systems in Chapter 2 and Chapter 3, we have built up the mathematical model to 

discuss MIMO FSO communication systems and have derived the closed-form upper 

bound expressions of the average symbol error probability (SEP), average bit error 

probability (BEP) and average pairwise error probability (PEP) for MIMO FSO 

systems with Equal Gain Combining in this chapter. The error analysis for this 

calculation is given in this chapter. 

4.1.1  Symbol Detection of One Q-ary PPM Symbol 

The PPM signaling is the orthogonal and power-limit signaling, which is more 

power efficient but less bandwidth efficient. In the PPM optical receiver, the integrals 

of the output signal over each time slot are implemented and then the slot of the 

largest value is chosen as the slot that contains the received light pulse. The Q-ary 

PPM equal energy orthogonal signaling scheme can be represented as [1]:  

ଵݏ  ൌ ሺ ܧ௦, 0, 0, … … 0 ሻ 

ଶݏ  ൌ ሺ 0, ,௦ܧ 0, … … 0 ሻ 

…… 

௅ݏ  ൌ ሺ 0, 0, 0, … …  ௦ሻ                                        (4-1)ܧ  
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The signaling vector representation of the PPM signals can be represented as 

૚ࡿ  ൌ ሺ ଵܵ, 0, 0, … … 0 ሻ 

૛ࡿ  ൌ ሺ 0, ܵଶ, 0, … … 0 ሻ 

…… 

ࡸࡿ  ൌ ሺ 0, 0, 0, … … ܵ௅ሻ                                          (4-2) 

where ܮ ൌ 2ொ and Q is Q-ary PPM signal, ܧ௦ is the total energy of a 1 pulse slot that 

are transmitted by the laser array, ࡿ૚, ࡿ૛ … ࡸࡿ are the symbols in the PPM symbol set 

and their ଵܵ, ܵଶ or ܵ௅ slots represent the 1 pulses, respectively, such as ሺ 0, 0, 0,

… … 1ሻ. ܧ௦ can also be represented by the energy after including the total number 

λୱ of photons in a 1 pulse slot and ܧ௦ ൌ  .௦ߣߥ݄ 

     In optical receivers, the post-detection EGC with envelope detection is used in 

MIMO FSO communication systems shown in Fig. 3.1 and Fig. 3.3. For one PPM 

symbol transmission, the received symbols, which are transmitted to the decision 

detector of the APD-based receiver, have the following vector expression   

࢟           ൌ ࣬ெ஺ாೞ௚
ே೟

ڄ ࢎ ڄ ࢓ࡿ ൅  (4-3)                                      ࢔

and the matrix expression is given as 

൦

yଵଵ yଵଶ … yଵL
yଶଵ yଶଶ … yଶL
ڭ
yN౨ଵ

ڭ
yN౨ଶ

ڭ
… yN౨L

൪ ൌ
௦݃ܧܣܯ࣬

௧ܰ
ۏ
ێ
ێ
ۍ

hଵଵ hଵଶ … hଵN౪

hଶଵ hଶଶ … hଶN౪
ڭ
hN౨ଵ

ڭ
hN౨ଶ

ڭ
… hN౨N౪ے

ۑ
ۑ
ې

൦

sଵଵ sଵଶ … sଵL
sଶଵ sଶଶ … sଶL
ڭ
sN౪ଵ

ڭ
sN౪ଶ

ڭ
… sN౪L

൪ ൅ ൦

nଵଵ nଵଶ … nଵL
nଶଵ nଶଶ … nଶL
ڭ
nN౨ଵ

ڭ
nN౨ଶ

ڭ
… nN౨L

൪ 

(4-4) 

where ࢟ is the ௥ܰ ൈ  received signal vector for one PPM symbol, which is sent to the ܮ

decision detector of the APD receiver, ࢎ is the ௥ܰ ൈ ௧ܰ channel gain vector with the 

mean of its element equal to 1, ܧሼ݄௜௟ሽ ൌ is the ௥ܰ ࢔ ,1 ൈ  added white Gaussian ܮ

noise vector in the APD-based receiver, ࢓ࡿ is the ௥ܰ ൈ ௧ܰ transmitted signal vector 

which is one of the ܮ possible signals in PPM symbol set and 1 ൑ ݉ ൑  For .ܮ
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example ࡿ૛ ൌ ሺ0, ܵଶ, 0,0 … 0ሻ and ܵଶ ൌ ,࢟ .1 ,ࢎ  are all the real variable ࢔  and  ࢓ࡿ

vectors. The signal for the lth branch before the EGC can be represented by the scalar 

equation as 

௟ ݕ ൌ ෍
௦݃ܧܣܯ࣬

௧ܰ
 ݄௜௟ ڄ  ௜ ݏ

ே೟

௜ୀଵ

൅ ݊ ௟ 

(4-5) 

The signal after the post-detection EGC with envelope detection is obtained as 

෍ ௟ݕ

ேೝ

௟ୀଵ

ൌ ෍ ෍
௦݃ܧܣܯ࣬

௧ܰ
 ݄௜௟ ڄ  ௜ ݏ

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

൅ ෍ ݊ ௟

ேೝ

௟ୀଵ

 

ൌ ෍ ෍
௦݃ܧܣܯ࣬

௧ܰ
 ݄௜௟ ڄ  ௜ ݏ

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

൅ ෍ ݊ ௟

ேೝ

௟ୀଵ

 

ൌ
௦݃ܧܣܯ࣬

௧ܰ
݄ ڄ ௜ ݏ ൅ σ୭୬

ଶ 

 (4-6) 

where ݄ is the channel gain ݄ ൌ ∑ ∑  ݄௜௟ ே೟
௜ୀଵ

ேೝ
௟ୀଵ , σ୭୬

ଶ is the variance of the 1 pulse slot 

and is given in Eq. (3-50a) in Chapter 3.  

     For equi-probable, equal-energy orthogonal PPM signals, the maximum likelihood 

detector selects the signal resulting in the largest cross-correlation between the 

received vector ࢟ and each of the ܮ possible transmitted signal vector ࢓ࡿ ሺ1 ൑ ݉ ൑

 ሻ as [1]ܮ

                  ෝ݉ ൌ ݃ݎܽ ݔܽ݉
ଵஸ௠ஸ௅

࢟ ڄ  (4-7)                                                      ࢓ࡿ

Due to the symmetry of the constellation and by observing that the distances between 

any pair of signals in the constellation are equal to √2ܧ௦ , we can conclude that the 

symbol error probability of one PPM symbol is independent of the transmitted 
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signal [1]. Therefore, for evaluating the symbol error probability ௦ܲሺܧሻ, we can 

assume that the signal ࡿ૚ ൌ ሺ ଵܵ, 0,0 … 0ሻ is transmitted and can calculate the 

conditional symbol error probability ௦ܲ|௦ଵ, which is equal to the symbol error 

probability of this Q-ary PPM. The symbol error probability of the Q-ary PPM can be 

represented as [1] 

௦ܲሺܧሻ ൌ ෍ ௠ܲ ௦ܲ|௠

௅

௠ୀଵ

ൌ  ܮ
1
௦ܲ|௦ଵ ܮ ൌ  ௦ܲ|௦ଵ 

(4-8) 

where ௠ܲ is the probability that the mth PPM symbol ࢓ࡿ is transmitted. As the PPM 

symbols are equi-probable, ௠ܲ equal to ଵ
௅
 , ௦ܲ|௦ଵ is the symbol error probability on 

condition that the ࡿ૚ is transmitted. When ࡿ૚ ൌ ሺ ଵܵ, 0, 0 … … 0ሻ is transmitted, the 

received signal vector is  

࢟                ൌ ሺாೞ࣬ெ஺௚
ே೟

݄ ଵܵ ൅ ݊ଵ,  ݊ଶ ,  ݊ଷ , ……݊௅ )                       (4-9) 

݊ଵ, ݊ଶ, ݊ଷ … … ݊௅ are independent identically distributed zero-mean Gaussian random 

variables, ݊ଵ is the noise in a 1 pulse slot with the variance σ୭୬
ଶ, ݊ଶ, ݊ଷ, … … ݊௅ are 

the noises in the 0 pulse slots with the variance σ୭୤୤
ଶ. The PDF of ݊ଵ and ݊௠ random 

variables are given as  ݌௡౥౤
ሺ݊୭୬ሻ and ݌௡౥౜౜

ሺ݊୭୤୤ሻ, respectively, as[1] 

௡౥౤݌  
ሺ݊୭୬ሻ ൌ ଵ

ඥଶగఙ౥౤మ ڄ ݁ି ೙౥౤మ

మ഑౥౤మ                                         (4-10a) 

௡౥౜౜݌  
ሺ݊୭୤୤ሻ ൌ ଵ

ඥଶగఙ౥౜౜మ ڄ ݁
ି 

೙౥౜౜
మ

మ഑౥౜౜మ                                       (4-10b) 

Let us define the real decision variable ܴ௠ , 1 ൑ ݉ ൑  as [1] ,ܮ

               ܴ௠ ൌ ࢟ ڄ  (4-11)                                                                   ࢓ࡿ

With the definition of Eq. (4-11), we can have the following decision variables    
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ܴଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ଵܵ ଵܵ ൅ ݊ଵ ଵܵ                                        (4-12a) 

ܴ௠ ൌ ݊௠ܵ௠                                       2 ൑ ݉ ൑  (12b-4)     ܮ

where ݄ is the random variable given as ݄ ൌ ∑ ∑ ݄ ௜௝
ே೟
௜ୀଵ

ேೝ
௟ୀଵ  if the post-detection EGC 

with envelope detection is implemented, ݊ଵ, ݊ଶ, ݊ଷ … … ݊௅ are Gaussian random 

variables, ܴଵ and ܴ௠ are also random variables. The random variables ܴ௠ are still 

Gaussian-distributed with zero mean and variance σ୭୤୤
ଶ, i.e. ܴ௠~ܰሺ 0,  σ୭୤୤

ଶ ሻ. The 

PDF of ܴ௠ is ݌௡౥౜౜
ሺ݊ሻ shown in Eq. (4-10b). The random variable ܴଵ is the sum of 

the random variable ாೞ࣬ெ஺௚
ே೟

݄ ଵܵ ଵܵ and the Gaussian-distributed variable ݊ଵ ଵܵ where 

ଵܵ and ܵ௠ are deterministic and ଵܵ ൌ 1, ܵ௠ ൌ 1. Then the decision variable can be 

simplified as 

ܴଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊ଵ                                                (4-13a) 

ܴ௠ ൌ ݊௠                                        2 ൑ ݉ ൑  (13b-4)      ܮ

     We assume ݇௧ ൌ ாೞ࣬ெ஺௚
ே೟

 and using the variable substitution ݐ௦ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൌ ݇௧݄. 

Then the decision variable ܴଵ is ܴଵ  ൌ ௦ݐ ൅ ݊௢௡ where ݐ௦ ൌ ݇௧݄ and ݄ has the PDF 

  ௦ isݐ ௛ሺ݄ሻ. The PDF of the random variable݌

௧ೞ݌  
ሺݐ௦ሻ ൌ ௛ሺ݄ሻ|௛ୀ೟ೞ݌

ೖ೟
 ௗ௛
ௗ௧ೞ

ൌ ଵ
௞೟

ڄ ௛݌ ቀ௧ೞ
௞೟

ቁ ൌ ଵ
௞೟

ڄ  ௛ሺ݄ሻ            (4-14)݌

The PDF of the random variable ܴଵ, which is the sum of ݐ௦ and ݊௢௡, is the 

convolution of the PDFs of ݐ௦ and ݊୭୬ as 

ଵሻݎோభሺ݌   ൌ ௦ሻݐ௧ೞሺ݌   כ  ௡౥౤ሺ݊onሻ݌  

ൌ න ݏݐ݌  
ሺݏݐሻ ڄ

ஶ

ିஶ
on݊݌

ሺ1ݎ െ ሻݏݐ ڄ  ݏݐ݀ 

ൌ න ݏݐ݌  
ሺ1ݎ െ ሻ݊݋݊

ஶ

ିஶ
ڄ on݊݌ 

ሺ݊୭୬ሻ ڄ  ݀݊୭୬ 
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(4-15) 

where the upper limit and lower limit of the integration are decided by the range of 

the random variables ݐ௦ and ݊୭୬. We assume that the PPM symbol ࡿ૚ ൌ

ሺ1,0,0 … … 0ሻ (where ଵܵ ൌ 1, ܵଶ ൌ 0, ܵଷ ൌ 0,…… ܵ௅ ൌ 0) is transmitted, and the ML 

detector makes a correct decision if ܴଵ ൒ ܴ௠ for m=2, 3,……L. Therefore, the 

probability of a correct decision for one PPM symbol is given by  

௖ܲ ൌ ܲሾܴଵ ൒ ܴଶ, ܴଵ ൒ ܴଷ, … … ܴଵ ൒ ܴ௅| ࡿ૚ ݐ݊݁ݏ ሿ 

ൌ ܲሾ
݃ܣܯ௦࣬ܧ

௧ܰ
݄ ଵܵ ଵܵ ൅ ݊ଵ ଵܵ ൒ ݊ଶܵ௠,

݃ܣܯ௦࣬ܧ
௧ܰ

݄ ଵܵ ଵܵ ൅ ݊ଵ ଵܵ ൒ ݊ଷܵ௠, 

… … 
݃ܣܯ௦࣬ܧ

௧ܰ
݄ ଵܵ ଵܵ ൅ ݊ଵ ଵܵ ൒ ݊௅ܵ௠|ࡿ૚ ݐ݊݁ݏ ሿ 

ൌ ܲሾ
݃ܣܯ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵ ൒ ݊ଶ,

݃ܣܯ௦࣬ܧ
௧ܰ

݄ ൅ ݊ଵ ൒ ݊ଷ, 

… … 
݃ܣܯ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵ ൒ ݊௅|ࡿ૚ ݐ݊݁ݏሿ 

(4-16) 

Events ாೞ࣬ீெ஺௚
ே೟

݄ ൅ ݊ଵ ൒ ݊ଶ, ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊ଵ ൒ ݊ଷ, … … ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊ଵ ൒ ݊௅ , are not 

independent due to the existence of the random variables ݄ and ݊ଵ ൌ ݊௢௡ in all of 

them. We can assume the condition on ݄ and ݊ଵ ൌ ݊௢௡  to make these events 

independent. Since the ݊௠’s are i.i.d random variables for m=2,3,……M , and by 

using Eq. (4-15) and Eq. (4-16) , we can obtain 

௖ܲ|௛ ൌ න ܲሾ݊ଶ ൑
݃ܣܯܩ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵ, ݊ଷ ൑

݃ܣܯܩ௦࣬ܧ
௧ܰ

݄ ൅ ݊ଵ, … … ݊௅

ஶ

ିஶ

൑
݃ܣܯܩ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵ, | ,ݐ݊݁ݏ ૚ࡿ ݊ଵ ൌ ݊௢௡, ݄ሿ݌௡೚೙ሺ݊௢௡ሻ ݀݊௢௡ 

ൌ න ൜ܲ ൤݊ଶ ൑
݃ܣܯܩ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵฬࡿ૚ ݐ݊݁ݏ, ݊ଵ ൌ ݊௢௡, ݄൨ൠ

ሺ௅ିଵሻஶ

ିஶ
 ௡೚೙ሺ݊௢௡ሻ ݀݊௢௡݌
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ൌ න ቎1 െ ቌන ௡౥౜౜ሺ݊୭୤୤ሻ݌   ڄ ݀݊୭୤୤

ାஶ

ாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙

ቍ቏

ሺ௅ିଵሻ
ஶ

ିஶ
 ௡೚೙ሺ݊௢௡ሻ ݀݊௢௡݌

ൌ න න ቎1 െ ቌන ௡౥౜౜ሺ݊୭୤୤ሻ݌   ڄ ݀݊୭୤୤

ାஶ

ாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙

ቍ቏
ஶ

ିஶ

ሺ௅ିଵሻ
ஶ

ିஶ
 ௡೚೙ሺ݊௢௡ሻ݀݊௢௡݌

(4-17) 

The integral of ׬ ௡౥౜౜ሺ݊୭୤୤ሻ݌   ڄ ݀݊୭୤୤
ାஶ

ಶೞ࣬ಸಾಲ೒
ಿ೟

௛ା௡೚೙
 is calculated in Appendix D and it is 

a Q function of the variable ாೞ࣬ெ஺௚
ே೟ఙ౥౜౜

݄ ൅ ௡೚೙
ఙ౥౜౜

 , i.e. ܳ ቀாೞ࣬ெ஺௚
ே೟ఙ౥౜౜

݄ ൅ ௡೚೙
ఙ౥౜౜

ቁ. Using the 

definition of the probability density function, it can be obtained  

න න 1 ڄ
ஶ

ିஶ
௡౥౤ሺ݊௢௡ሻ݌ ڄ ݀݊௢௡ ڄ ௦ሻݐ௧ೞሺ݌ ڄ ௦ݐ݀ ൌ 1 

ஶ

ିஶ
 

(4-18) 

Using Eq. (4-15), Eq. (4-17), ݀ݎଵ ൌ ݀݊୭୬ , Appendix D and Appendix E, the symbol 

error probability ௦ܲሺܧሻ is  

௦ܲሺܧሻ ൌ ௦ܲ|௦భ ൌ 1 െ ௖ܲ  

ൌ 1 െ න න ቊ൤1 െ ܳ ൬
݃ܣܯ௦࣬ܧ

௧ܰߪ୭୤୤
݄ ൅

݊௢௡

୭୤୤ߪ
൰൨

ሺ௅ିଵሻ

ቋ ڄ
ஶ

ିஶ

ஶ

ିஶ
௡౥౤ሺ݊௢௡ሻ݌ ڄ ݀݊௢௡ ڄ ௦ሻݐ௧ೞሺ݌ ڄ  ௦ݐ݀

 (4-19) 

In optical wireless communication, the channel gain ݄ is nonnegative and 

0 ൑ ݄ ൑ ∞. Using the calculation in Appendix E, the error probability ௦ܲሺܧሻ can also 

be represented as an integral of the channel gain ݄ 

௦ܲሺܧሻ ൌ න ቊන ቊ1 െ ൤1 െ ܳ ൬
݃ܣܯ௦࣬ܧ

௧ܰߪ୭୤୤
݄ ൅

݊௢௡

୭୤୤ߪ
൰൨

ሺ௅ିଵሻ

ቋ
ஶ

ିஶ
௡౥౤ሺ݊௢௡ሻ݀݊௢௡ቋ݌

ஶ

଴
 ௛ሺ݄ሻ݄݀݌

(4-20) 
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where the upper limit and lower limit of the integration are decided by the range of 

the random variables ݊௢௡ and ݄. According to the reference [2] and Appendix F, the 

scalar expression of the symbol error probability can also be represented as 

௦ܲሺܧሻ ൌ න ௦ܲሺߛ|ܧሻ
ஶ

଴
ڄ ሻߛఊሺ݌ ڄ  ߛ݀

ൌ න ௦ܲሺܧ|݄ሻ
ஶ

଴
ڄ ௛ሺ݄ሻ݌ ڄ ݄݀ 

(4-21) 

where ߛ is the signal to noise ratio, 0 ൑ ߛ ൑ ∞, and ݄ is the channel gain, 0 ൑ ݄ ൑ ∞. 

By comparing Eq. (4-20) and Eq. (4-21), the symbol error probability on condition 

of ݄ is obtained as 

௦ܲሺܧ|݄ሻ ൌ න ቊ1 െ ൤1 െ ܳ ൬
݃ܣܯ௦࣬ܧ

௧ܰσ୭୤୤
݄ ൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ቋ ڄ
ஶ

ିஶ
௡౥౤ሺ݊୭୬ሻ݌ ڄ ݀݊୭୬ 

 (4-22) 

In optical wireless communication, the channel gain ݄ is nonnegative and 

0 ൑ ݄ ൑ ∞, 0 ൑ ௦ݐ ൑ ∞. The noise in the 1 and 0 pulse slots is Gaussian random 

variables ݊୭୬ and ݊୭୤୤ , respectively, and they can be positive or negative. For the 

photodiode current generated in response to an optical signal, its sampled value ܫ௦ሺݐሻ 

fluctuates from bit to bit around an average value ܫଵ or ܫ଴ [11]. ܫଵ and ܫ଴ correspond to 

the average values of 1 and 0 bit, respectively. In the decision circuit, the real decision 

variables ݎଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊௢௡ and ݎ௠ ൌ ݊୭୤୤ are the random variables representing 

the difference between the sampled value ܫ௦ሺݐሻ and the average value ܫ଴. They can be 

positive or negative. For the optical receivers under the normal working condition, the 

signal to noise ratio ߛ is far above ߛ ൌ i.e. ቀாೞ࣬ெ஺௚ ,ܤ0݀
ே೟

ሼ݄ሽቁܧ
ଶ

൒ σ୭୬
ଶ. In practice, 

the noise powers σ୭୬
ଶ and σ୭୤୤

ଶ are normally smaller than the signal power 
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ቀாೞ࣬ெ஺௚
ே೟

ሼ݄ሽቁܧ
ଶ
, i.e. ቀாೞ࣬ெ஺௚

ே೟
ሼ݄ሽቁܧ

ଶ
൒ σ୭୬

ଶ and ቀாೞ࣬ெ஺௚
ே೟

ሼ݄ሽቁܧ
ଶ

൒ σ୭୤୤
ଶ, 0 ൑ ݄ ൑

∞. According to the Eq. (3-50a) and Eq. (3-50b) in Chapter 3, it can be proved that 

σ୭୬
ଶ ൒ σ୭୤୤

ଶ. In this dissertation, the equal gain combining with the envelop detection 

is used. 

Using the Chernov Bound [1] for the AWGN system and Appendix G, the 

following inequalities are given as  

ܲ ൤݊ଶ ൑
݃ܣܯܩ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵฬࡿ૚ ݐ݊݁ݏ, ݊ଵ ൌ ݊௢௡, ݄൨ 

ൌ න
1

ߨ2√
݁ି  ௡మ

మ

ଶ ڄ ݀݊ଶ

ฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬ

ିฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬ 
 

ൌ 1 െ 2ܳ ൬ฬ
݃ܣܯ௦࣬ܧ

௧ܰσ୭୤୤
݄ ൅

݊௢௡

σ୭୤୤
ฬ൰ 

൒ 1 െ ݁ି  
൬ாೞ࣬ெ஺௚

ே೟஢౥౜౜
௛ା௡೚೙

஢౥౜౜
൰

మ

ଶ  

(4-23) 

and 

0 ൑ ቊ1 െ ൤1 െ 2ܳ ൬
݃ܣܯ௦࣬ܧ

௧ܰσ୭୤୤
݄ ൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ቋ ൑

ە
۔

ۓ
1 െ ൦1 െ ݁ି  

൬ாೞ࣬ெ஺௚
ே೟஢౥౜౜

௛ା௡೚೙
஢౥౜౜

൰
మ

ଶ ൪

ሺ௅ିଵሻ

ۙ
ۘ

ۗ
൑ 1 

(4-24) 

Using the calculation in Appendix G, the symbol error probability ௦ܲሺܧሻ of this Q-ary 

PPM in Eq. (4-20) is given as 

௦ܲሺܧሻ ൌ ௦ܲ|௦భ ൌ 1 െ ௖ܲ   

ൌ න ቊන ቊ1 െ ൤1 െ 2ܳ ൬ฬ
݃ܣܯ௦࣬ܧ

௧ܰσ୭୤୤
݄ ൅

݊௢௡

σ୭୤୤
ฬ൰൨

ሺ௅ିଵሻ

ቋ
ஶ

ିஶ
௡౥౤ሺ݊௢௡ሻ݀݊௢௡ቋ݌

ஶ

଴
 ௛ሺ݄ሻ݄݀݌
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൑ න

ە
۔

ۓ
න

ە
۔

ۓ
1 െ ൦1 െ ݁ି  

൬ாೞ࣬ெ஺௚
ே೟஢౥౜౜

௛ା௡೚೙
஢౥౜౜

൰
మ

ଶ ൪

ሺ௅ିଵሻ

ۙ
ۘ

ۗஶ

ିஶ
௡౥౤ሺ݊௢௡ሻ݀݊௢௡݌

ۙ
ۘ

ۗஶ

଴
 ௛ሺ݄ሻ݄݀݌

(4-25) 

According to Appendix H, the symbol error probability ௦ܲሺܧሻ is  

௦ܲሺܧሻ ൑ ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵߪ୭୤୤

ට݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ

௅ିଵ

௞ୀଵ

න ݁
ି  ሺாೞ࣬ெ஺௚ሻమ௛మ௞

ଶே೟
మ൫௞ఙ౥౤

మାఙ౥౜౜మ൯
 ஶ

଴
 ௛ሺ݄ሻ݄݀݌

             (4-26) 

The conditional symbol probability is obtained as 

௦ܲሺܧ|݄ሻ ൑ ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵߪ୭୤୤

ට݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ

௅ିଵ

௞ୀଵ

݁
ି  ௞ሺாೞ࣬ெ஺௚ሻమ௛మ

ଶே೟
మ൫௞ఙ౥౤

మାఙ౥౜౜మ൯
 
 

(4-27) 

Letting ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

, Eq. (4-27) can be represented as   

௦ܲሺܧ|݄ሻ ൑ ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵߪ୭୤୤

ට݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ

௅ିଵ

௞ୀଵ

݁ି  ௞೗௛మ  

(4-28) 

4.1.2  Symbol Detection of Transmitted Matrices 

When the MIMO PPM symbol matrices are transmitted, the transmission is 

implemented as the one shown in Fig. 3.3 of Chapter 3. The matrix expressions of the 

transmission can be represented as 

ࢅ           ൌ ࣬ெ஺ாೞ௚
ே೟

ڄ ࡴ ڄ ࡿ ൅  (4-29)                                     ࡺ
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൦

yଵଵ yଵଶ … yଵNL
yଶଵ yଶଶ … yଶNL
ڭ
yN౨ଵ

ڭ
yN౨ଶ

ڭ
… yN౨NL

൪ ൌ
௦݃ܧܣܯ࣬

௧ܰ
ۏ
ێ
ێ
ۍ

hଵଵ hଵଶ … hଵN౪

hଶଵ hଶଶ … hଶN౪

ڭ
hN౨ଵ

ڭ
hN౨ଶ

ڭ
… hN౨N౪ے

ۑ
ۑ
ې

൦

sଵଵ sଵଶ … sଵNL
sଶଵ sଶଶ … sଶNL
ڭ
sN౪ଵ

ڭ
sN౪ଶ

ڭ
… sN౪NL

൪ ൅ ൦

nଵଵ nଵଶ … nଵNL
nଶଵ nଶଶ … nଶNL
ڭ
nN౨ଵ

ڭ
nN౨ଶ

ڭ
… nN౨NL

൪ 

(4-30) 

There are N PPM symbols included in a transmitted matrix and these N PPM symbols 

are independent. For the calculations of this chapter, the matrix is coded by simple 

repetition coding and post-detection EGC with envelope detection is implemented at 

the receiver. These N PPM symbols in the receiving matrix at the receiver are 

decoded together at the same time and then demodulated. The average symbol error 

probability of one PPM matrix ௘ܲ_௠௔௧௥௜௫ሺܧሻ can be averaged on the condition of the 

receiver SNR matrix ࢣ. In Appendix F, it is proved that ௘ܲ_௠௔௧௥௜௫ሺܧሻ can also be 

averaged on the condition of the channel gain matrix ࡴ.  

     At the APD-based receiver, the post-detection EGC with envelope detection is 

used to process the received PPM matrices. For each received PPM symbol in the 

matrix, the EGC receiver processes the N୰ received replicas from the branches, 

equally weights them, and then sums them for the decision detection. Hence for the ܮ-

branch receiver, the fading SNR for one branch takes the form [2]  

ߛ ൌ ൥൬
1

ܮ√
൰ ෍ ඥߛ௟

௅

௟ୀଵ

൩

ଶ

 

(4-31) 

In this case, it is more convenient to deal with the square root of the fading SNR for 

one branch [2] 

ݔ ൌ ඥߛ ൌ ൬
1

ܮ√
൰ ෍ ඥߛ௟

௅

௟ୀଵ

ൌ ൬
1

ܮ√
൰ ෍ ௟ݔ

௅

௟ୀଵ

 

(4-32) 
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If the channels are assumed independent, this characteristic function (CHF) takes on a 

product form, namely [2] 

௫ሺ݆߱ሻܨ ൌ ෑ ௫೗ܨ  ൬
݆߱
ܮ√

൰ 
௅

௟ୀଵ

 

(4-33) 

Hence for each PPM symbol, the instantaneous received signal ݕ of a 1 pulse slot 

after the envelope post-detection EGC is 

ݕ ൌ ෍ ௝ ݕ

ேೝ

௟ୀଵ

ൌ ෍ ෍
௦݃ܧܣܯ࣬

௧ܰ
 ݄௜௟ ڄ  ௜ݏ

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

൅ ෍ ݊௟

ேೝ

௟ୀଵ

 

(4-34) 

where ݊௟ (1 ൑ ݈ ൑ ௥ܰ) is the i.i.d Gaussian-distributed random variables with the zero 

mean and the variance ߪ௢௡ 
ଶ, i.e. ݊௟~ܰሺ0,  ௢௡ߪ

ଶሻ. The signal to noise ratio for a 1 

pulse after the post-detection EGC can be represented as 

ாீ஼ߛ ൌ
࣬ଶܯଶܣଶ ܧ௦

ଶ ݃ଶ

 ௧ܰ
ଶߪ௢௡ 

ଶ 
 ቌ෍ ෍ ݄௜௟

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

ቍ

ଶ

 

(4-35) 

where ߪ௢௡ 
ଶ is given in Eq. (3-50a). For the MIMO FSO systems using the post-

detection EGC with the envelope detection, ડாீ஼ is the SNR matrix for one received 

matrix, ડாீ஼ ൌ ሾࢽଵ, ଶࢽ … ௠ࢽ … ேሿ ሺ1ࢽ ൑ ݉ ൑ ܰሻ. If ࡿଵ PPM symbol is transmitted, 

 ௠ is the SNR vector given asࢽ

௠ࢽ ൌ ቂ࣬మெమ஺మ ாೞ
మ ௚మ

 ே೟
మ ఙ೚೙ మ

݄ଶ, 0 , 0 …  0ቃ                    (4-36) 

where ࢎ is the channel gain vector and can be represented as  

ࢎ ൌ ሾ݄ ଵଵ  ݄ ଵଶ … ݄ ଵேೝ;  ݄ ଶଵ  ݄ ଶଶ … ݄ ଶேೝ; … … ݄ ே೟ଵ  ݄ ே೟ଶ … ݄ ே೟ேೝሿ  

(4-37) 
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The instantaneous channel gain ݄ for one 1 pulse is 

݄ ൌ ෍ ෍ ݄௜௟

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

 

(4-38) 

where ݄௜௟ is the channel gain of the ݈݅th path, ߛ is the SNR for one 1 pulse given as 

ߛ ൌ

࣬ଶܯଶܣଶ ܧ௦
ଶ ݃ଶ

 ௧ܰ
ଶ 

ቀ∑ ∑ ݄௜௟
ே೟
௜ୀଵ

ேೝ
௟ୀଵ  ቁ

ଶ

 ௢௡ߪ
ଶ ൌ

࣬ଶܯଶܣଶ ܧ௦
ଶ ݃ଶ݄ଶ

௧ܰ
ଶ ߪ௢௡ 

ଶ  

               (4-39) 

where ߪ௢௡ 
ଶ is given in Eq. (3-50a). For one received PPM symbol with ܮ slots, the 

decision variable ݎଵ is   

ଵݎ ൌ ෍ ௟ ݕ

ேೝ

௟ୀଵ

ൌ ෍ ෍
௜ݏ݃ܣܯ௦࣬ܧ

௧ܰ
 ݄ ௜௟ 

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

൅ ෍ ݊௟

ேೝ

௟ୀଵ

 

ൌ
௜ݏ݃ܣܯ௦࣬ܧ

௧ܰ
෍ ෍  ݄ ௜௟ 

ே೟

௜ୀଵ

ேೝ

௟ୀଵ

൅ ෍ ݊௟

ேೝ

௟ୀଵ

 

ൌ ݇௧݄ ൅ ෍ ݊௟

ேೝ

௟ୀଵ

 

(4-40) 

where ݇௧ ൌ ாೞ࣬ெ஺௚
ே೟

 and ݏ௜ ൌ 1.  

     For the block fading channel assumption of the MIMO FSO systems, the channel 

gain vector ࢎ for one PPM symbol is nearly constant. For one receiving matrix, the 

signals of ܰ received PPM symbols are i.i.d random variables and their symbol error 

probabilities are independent. For one ሺ ௥ܰ ൈ  ሻ received PPM matrix, the symbolܮܰ

error probability for the matrix ௘ܲ_௠௔௧௥௜௫ሺܧሻ can be represented on condition of the 

SNR matrix ࢣ ൌ ሾࢽଵ, ଶࢽ … …  .ேሿࢽ
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௘ܲ_௠௔௧௥௜௫ሺܧሻ ൌ ௥ܲ௢௕ሾࢋ ൏  ሿࢎ࢚ࢋ

ൌ න ܲሾࢋ ൏ ሿࢣ|ࢎ࢚ࢋ
ஶ

ିஶ
ڄ ሻࢣሺࢣ݌ ڄ  ࢣ݀

ൌ න ൛ ௘ܲభ
ሾࢋ૚| ࢽ૚ሿ ௘ܲమ

ሾࢋ૛|ࢽ૛ሿ … … ௘ܲಿ
ሾࡺࢽ |ࡺࢋሿൟ

ஶ

ିஶ
ሻࢣሺࢣ݌ ڄ  ࢣ݀

ൌ න ௘ܲభ
ሾࢋ૚| ࢽ૚ሿࢽ݌૚

ሺࢽ૚ሻ݀ࢽ૚ 
ஶ

ିஶ
න ௘ܲమ

ሾࢋ૛| ࢽ૛ሿࢽ݌૛
ሺࢽ૛ሻ݀ࢽ૛ … …

ஶ

ିஶ
න ௘ܲಿ

ሾࡺࢽ |ࡺࢋሿࡺࢽ݌
ሺࡺࢽሻ݀ࡺࢽ

ஶ

ିஶ
 

ൌ ෑ ቈන ௘ܲ೘
ሾࢽ |࢓ࢋሿ

ஶ

ିஶ
ڄ ሻࢽሺࢽ݌ ڄ ቉ࢽ݀

ே

௠ୀଵ

 

ൌ ෑ ቈන ௘ܲ೘
ሾࢎ |࢓ࢋሿ

ஶ

ିஶ
ڄ ሻࢎሺࢎ݌ ڄ ቉ࢎ݀

ே

௠ୀଵ

 

(4-41) 

where ࢋ ൌ ሺࢋ૚, ,૛ࢋ … ࢓ࢋ …  ሻ is the error matrix for the transmitted matrix with theࡺࢋ

ܰ PPM symbols, ࢋ૚,  ࢓ࢋ are i.i.d random variable vectors and ࡺࢋ …࢓ࢋ…,૛ࢋ

ሺ1 ൑ ݉ ൑ ܰሻ is the error vector for one PPM symbol. For the optical wireless 

communication with PPM, the channel gain ݄ is nonnegative in the range of 0 ൑ ݄ ൑

∞. The signal to noise ratio ߛ is nonnegative in the range of 0 ൑ ߛ ൑ ∞.   

     For one PPM symbol detection, the simplified decision variables are shown in Eq. 

(4-13a) and Eq. (4-13b). The channel gain ݄ only impacts the 1 pulse slot and the 

decision variable ܴଵ in Eq. (4-13a). In mathematical terms, letting ܴଵ|݄ denotes the 

decision variable on the condition of the channel gain ݄. The decision variable ܴଵ|݄ 

can take on positive or negative values whereas the instantaneous channel gain ݄ is 

restricted to only nonnegative values. Since ݄ ൌ ∑ ∑ ݄௜௟
ே೟
௜ୀଵ

ேೝ
௟ୀଵ  and ݄௜௟ ൒ 0, ݄ is 

nonnegative ݄ ൒ 0. In addition, the PPM symbols are the positive data bits. In 

practice, the channel gain should be nonnegative in order to ensure the correct 
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transmission. The PDF of ݌௛೔೗
ሺ݄௜௟ሻ  is real and nonnegative and is given in Eq. (3-62). 

The PDF ݌௛ሺ݄ሻ of ݄ can be calculated by using ݌௛೔೗
ሺ݄௜௟ሻ. The conditional probability 

௘ܲ೘
ሺࢎ |࢓ࢋሻ for one PPM symbol can be represented on the condition of the 

instantaneous channel gain ݄ for one 1 pulse as shown in Eq. (4-41). The integral 

limit of ݄ is from zero to infinity. The symbol error probability for one PPM symbol 

is given in Eq. (4-20) and the conditional symbol error probability for one PPM 

symbol is given in Eq. (4-22). By using the binomial expansion and Appendix H, Eq. 

(4-41) can be represented as  

௘ܲ_௠௔௧௥௜௫ሺܧሻ 

ൌ ෑ ൥න න ൝෍ ௅ିଵܥ
௞ ሺെ1ሻ௞ାଵ ൤ܳ ൬

݃ܣܯ௦࣬ܧ
௧ܰσ୭୤୤

݄ ൅
݊௢௡

σ୭୤୤
൰൨

௞௅ିଵ

௞ୀଵ

ൡ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ݀݊୭୬

ஶ

଴
௛ሺ݄ሻ݄݀൩݌

ே

௠ୀଵ

 

(4-42) 

As there is a power function of the Gaussian Q-function in Eq. (4-42), it is difficult to 

express Eq. (4-42) exactly. By using the Chernov Bound [1] for the AWGN system, 

and the calculation in Appendix H, Eq. (4- 42) can be represented as  

௘ܲ_௠௔௧௥௜௫ሺܧሻ ൑ ෑ

ۏ
ێ
ێ
ۍ
෍

௅ିଵܥ
௞ ሺെ1ሻ௞ାଵߪ୭୤୤

ට݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ

௅ିଵ

௞ୀଵ

න ݁
ି  ௞ሺாೞ࣬ெ஺௚ሻమ௛మ

ଶே೟
మ൫௞ఙ౥౤

మାఙ౥౜౜మ൯
 ஶ

଴
௛ሺ݄ሻ݄݀݌

ے
ۑ
ۑ
ேې

௠ୀଵ

 

ൌ ෑ

ۏ
ێ
ێ
ۍ
෍

௅ିଵܥ
௞ ሺെ1ሻ௞ାଵߪ୭୤୤

ට݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ

௅ିଵ

௞ୀଵ

න ݁ି  ௞೗௛మ 
ஶ

଴
௛ሺ݄ሻ݄݀݌

ے
ۑ
ۑ
ேې

௠ୀଵ

 

(4-43) 

where ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 and ݄ is given in Eq. (4-38). By using the variable 

substitution ݐ ൌ െ݄, Eq. (4-43) is modified as 
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௘ܲ_௠௔௧௥௜௫ሺܧሻ ൑ ෑ

ۏ
ێ
ێ
ۍ
෍

௅ିଵܥ
௞ ሺെ1ሻ௞ାଵߪ୭୤୤

ට݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ

௅ିଵ

௞ୀଵ

න ݁
ି  ௞ሺாೞ࣬ெ஺௚ሻమ ௧మ

ଶே೟
మ൫௞ఙ౥౤

మାఙ౥౜౜మ൯
 ଴

ିஶ
ݐሻ݀ݐ௛ሺെ݌

ے
ۑ
ۑ
ேې

௠ୀଵ

 

 (4-44) 

4.1.3  Symbol Error Probability Calculation of Transmitted Matrices 

We use the function ݂ሺݐሻ to represent the following part in Eq. (4-44) 

݂ሺݐሻ ൌ   ቈെ ݌ݔ݁
݇ሺܧ௦࣬݃ܣܯሻଶ ݐଶ

2 ௧ܰ
ଶሺ݇σ୭୬

ଶ ൅ σ୭୤୤
ଶሻ

቉ 

(4-45a) 

The function ݂ሺݐሻ is an even function for . The integral in Eq. (4-44) is an integral of 

the function ݂ሺݐሻ݌௛ሺെݐሻ given as 

ܫ ൌ න ݁
ି  ௞ሺாೞ࣬ெ஺௚ሻమ ௧మ

ଶே೟
మሺ௞஢౥౤మା஢౥౜౜మሻ

 ଴

ିஶ
ڄ  ݐሻ݀ݐ௛ሺെ݌

(4-45b) 

Since the integral limit is from negative infinity to zero, this integral ܫ can also be 

considered as a probability of the variable ݐ, evaluated at ݐ௧௛ ൌ 0 as 

ܫ ൌ ௥ܲ௢௕ሾെ∞ ൏ ݐ ൏ ௧௛ሿݐ ൌ න ݂ሺݐሻ
௧೟೓

ିஶ
ݐሻ݀ݐ௛ሺെ݌ ൌ න ݂ሺݐሻ

଴

ିஶ
 ݐሻ݀ݐ௛ሺെ݌

(4-45c) 

The PDF of ݐ is  

ሻݐ௧ሺ݌ ൌ ௛ሺ݄ሻ| ௛ ୀ ି௧݌  ฬ
݄݀
ฬݐ݀ ൌ ሻݐ௛ሺെ݌   ൌ  ௛ሺ݄ሻ݌ 

(4-46) 

Substituting Eq. (4-46) into Eq. (4-45b), the integral ܫ is  

ܫ ൌ න ݂ሺݐሻ
଴

ିஶ
ሾ݌௧ሺݐሻሿ݀ݐ 

(4-47) 
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According to Appendix F, the PDF ݌௛ሺ݄ሻ is real and nonnegative, ݌௛ሺ݄ሻ ൒ 0, ݄ ൒ 0. 

As shown in Eq. (3-62), the PDF of ݌௛೔ೕ൫݄௜௝൯  is real and nonnegative and the 

characteristic function of the PDF ݌௛೔ೕ൫݄௜௝൯ exists. The PDF ݌௛ሺ݄ሻ of ݄ can be 

calculated by using the characteristic function of ݌௛೔೗
ሺ݄௜௟ሻ. ܨ௣ሺ߱ሻ represents the 

characteristic function of ݌௛ሺ݄ሻ and ܨ௣೓ሺ߱ሻ represents the characteristic function of 

௛೔೗݌
ሺ݄௜௟ሻ. The characteristic function of ݌௛ሺ݄ሻ and the inverse integral can be 

represented as [3] 

௣ሺ߱ሻܨ ൌ න ௛ሺ݄ሻ݌
ஶ

ିஶ
݁௝ఠ௛  ݄݀ 

(4-48a) 

௛ሺ݄ሻ݌ ൌ
1

ߨ2 න ௣ሺ߱ሻܨ
ஶ

ିஶ
݁ି௝ఠ௛  ݀߱ 

(4-48b) 

݁௝ఠ௛ ൌ ݁௝ఠሺି௧ሻ                ሺ 0 ൑ ݄ ൑ ∞,   െ ∞ ൑ ݐ ൑ 0ሻ  

(4-48c) 

ሻݐ௧ሺ݌ ൌ ௛ሺ݄ሻ| ௛ ୀ ି௧݌  ฬ
݄݀
ฬݐ݀ ൌ ሻݐ௛ሺെ݌  ൌ  ௛ሺ݄ሻ݌ 

(4-48d) 

Further the integral in Eq. (4-47) can be represented as 

ܫ ൌ න ݂ሺݐሻ
଴

ିஶ
ሾ݌௧ሺݐሻሿ݀ݐ 

ൌ න ሼെ݂ሺݐሻሾ݌௧ሺݐሻሿሽ
଴

ஶ
݀ሺെݐሻ 

ൌ න ݂ሺ݄ሻ
ஶ

଴
 ௛ሺ݄ሻ݄݀݌

ൌ න ݂ሺ݄ሻ
ஶ

଴
ቈ 

1
ߨ2 න ௣ሺ߱ሻܨ

ஶ

ିஶ
݁ି௝ఠ௛  ݀߱቉ ݄݀ 
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ൌ
1

ߨ2 න ௣ሺ߱ሻܨ ቈන ݂ሺ݄ሻ݁ି௝ఠ௛ ݄݀
ஶ

଴
቉

ஶ

ିஶ
݀߱ 

ൌ
1

ߨ2 න ൛ܴ݈݁ܽൣܨ௣ሺ߱ሻܨ௙ሺ߱ሻ൧ ൅ ௙ሺ߱ሻ൧ൟܨ௣ሺ߱ሻܨൣ݃ܽ݉ܫ݆
ஶ

ିஶ
݀߱ 

(4-49) 

where ܴ݈݁ܽൣܨ௣ሺ߱ሻܨ௙ሺ߱ሻ൧ is the real part of ܨ௣ሺ߱ሻܨ௙ሺ߱ሻ and ܨൣ݃ܽ݉ܫ௣ሺ߱ሻܨ௙ሺ߱ሻ൧ is 

the imaginary part of ܨ௣ሺ߱ሻܨ௙ሺ߱ሻ. For Eq. (4-49), the integral of the real part, 

  ,௙ሺ߱ሻ൧, is the error probability and the integral of the imaginary partܨ௣ሺ߱ሻܨൣ݈ܴܽ݁

௙ሺ߱ሻܨ ௙ሺ߱ሻ൧, is zero. Ifܨ௣ሺ߱ሻܨൣ݃ܽ݉ܫ ൌ ׬ ݂ሺ݄ሻ݁ି௝ఠ௛ ݄݀ஶ
଴  is integrated directly as 

shown in Appendix I, it can be obtained as 

௙ሺ߱ሻܨ  ൌ ݁
షഘమ

రೖ೗ ට
గ
௞೗

 ܳ ൬ ௝ఠ
ඥଶ௞೗

൰ 

(4-50) 

where ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 . There is a Gaussian probability function, i.e. Q 

function, with the complex variable in Eq. (4-50). This causes the difficulty in 

obtaining further integration of ߱ directly from negative infinity to infinity in the 

complex domain. The indirect complex integration method for the integral ܫ is 

employed here. As the symbol error probability in Eq. (4-43) and Eq. (4-44) is real 

and nonnegative, the integral ܫ in Eq. (4-49) is a part of the error probability and can 

be represented as  

ܫ ൌ ܴ݈݁ܽ ቈ
1

ߨ2 න ௙ሺ߱ሻܨ௣ሺ߱ሻܨ
ஶ

ିஶ
݀߱቉ 

ൌ
1

ߨ2 න ௙ሺ߱ሻ൧ܨ௣ሺ߱ሻܨൣ݈ܴܽ݁
ஶ

ିஶ
݀߱ 

ൌ
1

ߨ2 න ൛ܴ݈݁ܽൣܨ௣ሺ߱ሻ൧ܴ݈݁ܽൣܨ௙ሺ߱ሻ൧ െ ௙ሺ߱ሻ൧ൟܨൣ݃ܽ݉ܫ௣ሺ߱ሻ൧ܨൣ݃ܽ݉ܫ
ஶ

ିஶ
݀߱ 
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 (4-51) 

 where ܨ௙ሺ߱ሻ ൌ ׬ ݂ሺ݄ሻ݁ି௝ఠ௛ ݄݀ஶ
଴ ൌ ׬ ݁ି ௞೗௛మ ஶ

଴ ݁ି௝ఠ௛ ݄݀.  

௙ሺ߱ሻ൧ܨൣ݈ܴܽ݁ ൌ න ݂ሺ݄ሻ ሺ݄߱ሻݏ݋ܿ ݄݀ ൌ
ஶ

଴
න ൣ݁ି ௞೗௛మ ܿݏ݋ሺ݄߱ሻ൧

ஶ

଴
݄݀ 

(4-52a) 

௙ሺ߱ሻ൧ܨൣ݃ܽ݉ܫ ൌ න ݂ሺ݄ሻ݊݅ݏ ሺ݄߱ሻ݄݀
ஶ

଴
ൌ න ൣെ݁ି ௞೗௛మ ݊݅ݏሺ݄߱ሻ൧

ஶ

଴
݄݀ 

(4-52b) 

where ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

   

     For MIMO FSO systems, the N୲ lasers transmit the PPM symbol streams through 

the ௧ܰ ൈ ௥ܰ different paths as shown in Fig. 3.1. From each path, the received laser 

intensity and the average received photon number  ߣ௦ ௜௟ are lognormal-distributed 

random variables. We have obtained the PDF ݌௛೔೗
ሺ݄௜௟ሻ of the ݈݅th path channel gain 

݄௜௟ in Eq. (3-62). The PPM symbols are the positive data bits. The signal to noise ratio 

 ௜௟  is restricted to only nonnegative values. The channel gain ݄௜௟ of each path is also aߛ

nonnegative value. The decision variable ݎଵ for a slot can take on positive or negative 

values, where  ݎଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊௢௡ and ݄ ൌ ∑ ∑ ݄ ௜௟
ே೟
௜ୀଵ

ேೝ
௟ୀଵ . For each ݄ ௜௟, the PDF 

௛೔೗݌
ሺ݄௜௟ሻ is given in Eq. (3-62)  

௛ ೔೗݌
ሺ݄ ௜௟ሻ ൌ ෍ ௫ೠ ܭ௪ೠܭ

݃ ௦ܧܯ࣬
ݍ ௧ܰ

 

݌ݔ݁ ൞െ 
ቀ࣬ܧ௦ ݃

ݍ ௧ܰ
݄ ௜௟ െ ௫ೠቁ ܭ

ଶ

2 ൤ሺܨ െ 1ሻ࣬ܧ௦ ݃
ݍ ௧ܰ

݄ ௜௟ ൅ ௫ೠ൨ ܭ
ൢ

൤ሺܨ െ 1ሻ࣬ܧ௦ ݃
ݍ ௧ܰ

݄ ௜௟ ൅ ௫ೠ൨ ܭ
ଷ
ଶ

ேೠ

௨ୀିேೠ
௨ஷ଴

 

(4-53a) 

In the above equation, the variable substitution is made 
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௞ ܭ ൌ ࣬ாೞ ௚
௤ே೟

ൌ ࣬ாೞ ଶ஺ೝఈ
௤ே೟஺್

                        (4-53b) 

Then the equation is  

௛ ೔೗݌
ሺ݄ ௜௟ሻ ൌ ෍  ܯ௞ ܭ௫ೠ ܭ௪ೠܭ

݌ݔ݁ ൝െ 
൫ܭ ௞݄ ௜௟ െ ௫ೠ൯ଶ ܭ

2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ ܭ
ൡ

ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ ܭ
ଷ
ଶ

ேೠ

௨ୀିேೠ
௨ஷ଴

 

(4-54) 

The channel gain  ݄ ௜௟ ൒ 0 is real and in the range from zero to infinity, the variable  

௫ೠ ܭ ൌ ߟ ாೞଶ஺ೝఈ 
௛ఔ ஺್ ே೟ 

݁ ௠ℓ݁√ଶ ఙℓ ௫ೠ ൒ 0 and ሺிିଵሻ࣬ாೞ ௚
௤ே೟

 ݄ ௜௟ ൅ ௫ೠ ܭ ൒ ௛ ೔೗ ݌ .0
ሺ ݄ ௜௟ሻ is real 

and nonnegative. The PDF ݌௛ ೔೗
ሺ݄ ௜௟ሻ is real and nonnegative ݌௛ ೔೗

ሺ݄ ௜௟ሻ ൒ 0. The 

characteristic function ܨ௣೓ሺ߱ሻ of ݌௛ ೔೗
ሺ݄ ௜௟ሻ exists when ݄ ௜௟ ൒ 0 and the characteristic 

function ܨ௣ሺ߱ሻ of ݌௛ሺ݄ሻ exists as 

௣೓ܨ
ሺ߱ሻ ൌ න ௛ ೔೗݌

ሺ݄ ௜௟ሻ ݁௝ఠ௛ ೔೗݄݀ ௜௟

ஶ

ିஶ
 

ൌ ෍  ܯ௞ ܭ௫ೠ ܭ௪ೠܭ
ேೠ

௨ୀିேೠ
௨ஷ଴

න ݁௝ఠ௛ ೔೗

݌ݔ݁ ൝െ 
൫ܭ ௞݄ ௜௟ െ ௫ೠ൯ଶ ܭ

2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ ܭ
ൡ

ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ ܭ
ଷ
ଶ

݄݀ ௜௟ 
ஶ

଴
 

(4-55) 

According to the calculation in Appendix J, Eq. (4-55) can be modified to 

௣೓ܨ
ሺ߱ሻ ൌ ෍  ܯ௞ ܭ௫ೠ ܭ௪ೠܭ

ேೠ

௨ୀିேೠ
௨ஷ଴

න ݁ି௛ ೔೗  
ஶ

଴
ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ቀି  ଷଶቁ ܭ

 

ቐ݄ ௜௟ ݌ݔ݁ െ
௞ቀ݄ ௜௟ ܭ െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠቁ

ଶ

2ൣሺܨ െ 1ሻ݄ ௜௟ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠ൧
൅ ݆݄߱ ௜௟ቑ ݄݀ ௜௟ 

(4-56a) 
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where 

௪ೠ ܭ ൌ ௨ݓ ቀ ி

√ଶ గெ
ቁ                                               (4-56b) 

௫ೠ ܭ ൌ ߟ ݌ݔ݁ ൤ ௨ݔ ℓߪ 2√ െ ݈݊ ൬
௧ܰ  ߥ݄ ௕ܣ

௦ܧ ߙ௥ܣ2
൰ ൅  ݉ℓ൨ 

ൌ ߟ
 ߙ௥ܣ௦2ܧ

௕ ௧ܰ ݁ ௠ℓ݁ܣ ߥ݄ √ଶ ఙℓ ௫ೠ 

ൌ ௞݁ ௠ℓ݁ ܭ √ଶ ఙℓ ௫ೠ                                                                                               (4-56c) 

௞ ܭ ൌ ࣬ாೞ ௚
௤ே೟

ൌ ࣬ாೞ ଶ஺ೝఈ
௤ே೟஺್

                                                                                          (4-56d) 

௦ഥߣ ൌ  ଶ஺ೝఈ ாೞ
஺್ ௛ఔ  ே೟

                                                                                                        (4-56e) 

According to the Gaussian Laguerre Integration rule [4], the integral can be given by 

the following expression  

׬ ݁ି௫݃ሺݔሻஶ
଴ ݔ݀ ൎ ∑ ௩ሻேೡݔ௩݃ሺݓ

௩ୀଵ                                 (4-57) 

where ሼݔ௩ሽ and ሼݓ௩ሽ  ሺݒ ൌ 1,2 … ௩ܰ െ 1,  ௩ܰሻ are the zeros and the weight factors of 

the Laguerre polynomial [4], respectively. This estimation process yields fairly 

accurate results for values of ௩ܰ ൌ 15. Since ሼݔ௩ሽ and ሼݓ௩ሽ are well-tabulated in 

reference [4], a tractable means of estimating performance can be obtained. By 

selecting the suitable ௩ܰ, the calculating error can be very small. Eq. (4-55) can be 

calculated by the Gaussian Laguerre Integration rule and ݃ሺݔሻ represents the 

following part in Eq. (4-58). 

݃ሺ݄ ௜௟ሻ ൌ ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ቀି  ଷଶቁ ܭ
 

ቐ݄ ௜௟ ݌ݔ݁ െ 
௞ቀ݄ ௜௟ ܭ െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠቁ

ଶ

2ൣሺܨ െ 1ሻ݄ ௜௟ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠ൧
൅ ݆݄߱ ௜௟ቑ 

(4-58) 
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The characteristic function is 

௣೓ሺ߱ሻܨ ൌ ෍ ෍  
ேೡ

௩ୀଵ

 ܯ௞ ܭ௫ೠ ܭ௪ೠܭ
ேೠ

௨ୀିேೠ
௨ஷ଴

ܨ௩ൣሺݓ െ 1ሻܭ ௞ݔ௩ ൅ ௫ೠ൧ቀି  ଷଶቁ ܭ
 

௩ݔቐ ݌ݔ݁ െ  
௩ݔ௞ቀ ܭ െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠቁ

ଶ

2ൣሺܨ െ 1ሻݔ௩ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠ൧
൅  ௩ቑݔ݆߱

(4-59) 

     Because the real nonnegative random variable ݄ is the sum of the real random 

variables ݄௜௟ሺ݄௜௟ ൒ 0ሻ, the PDF ݌௛ሺ݄ሻ is the convolution of the PDFs of each path, 

௛ ೔೗݌
ሺ݄ ௜௟ሻ ሺ1 ൑ ݅ ൑ ௧ܰ, 1 ൑ ݈ ൑ ௥ܰሻ. ݌௛ሺ݄ሻ is real and nonnegative (Appendix G). 

௛ሺ݄ሻ݌ ൌ ௛భభ݌
ሺ݄௜௟ሻ כ ௛భమ݌

ሺ݄௜௟ሻ … כ ௛మభ݌
ሺ݄௜௟ሻ כ ௛మమ݌

ሺ݄௜௟ሻ … כ ௛ಿ೟ಿೝ݌
ሺ݄௜௟ሻ 

(4-60) 

Now the characteristic function ܨ௣ሺ߱ሻ of ݌௛ሺ݄ሻ is the product of the characteristic 

function ܨ௣೓ሺ߱ሻ of ݌௛ ೔೗
ሺ݄ ௜௟ሻ . After the detailed calculation in Appendix K, ܨ௣ሺ߱ሻ 

can be represented as  

௣ሺ߱ሻܨ ൌ න ௛ሺ݄ሻ݁௝ఠ௛ ೔೗݌  ݄݀
ஶ

ିஶ
 

ൌ ෍ ෍ …
ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

෍ ݁ቀ௫ೡభା௫ೡమାڮ௫ೡಿ೟ಿೝቁ௝ఠ ቎
௠ℓ ݁ܨ 

ቌ ߨ  ඨ
ߙ௥ܣ ௦ܧ࣬
ݍ ௧ܰܣ௕

ቍ቏

ே೟ேೝேೡ

௩ಿ೟ಿೝୀଵ

 

෍ ෍ … ෍ ௨మݓ௨భݓ … ௨ಿ೟ಿೝݓ
௩మݓ௩భݓ … ௩ಿ೟ಿೝݓ

ேೠ

௨ಿ೟ಿೝୀିேೠ
௨ಿ೟ಿೝஷ଴

 
ேೠ

௨మୀିேೠ
௨మஷ଴

ேೠ

௨భୀିேೠ
௨భஷ଴

 

݌ݔ݁ ቂ ℓߪ 2√  ቀݔ௨భ ൅ ௨మݔ … ൅ ௨ಿ೟ಿೝݔ
ቁ ൅ ቀݔ௩ଵ ൅ ௩ଶݔ … ൅ ௩ே೟ேೝݔ

ቁቃ   

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቃ
ቀି  ଷଶቁ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቃ
ቀି  ଷଶቁ

… … 
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൤ሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൨

ቀି  ଷଶቁ
 

ݔ݁ ݌

ە
ۖ
۔

ۖ
ۓ

 ൬െ 
௞ ܭ

2
൰

ۏ
ێ
ێ
ێ
ۍ ቀݔ௩భ െ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቁ

ଶ

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቃ
൅

ቀݔ௩మ െ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቁ
ଶ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቃ
… …

൅ 
൬ݔ௩ಿ೟ಿೝ

െ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൰
ଶ

൤ሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൨ے

ۑ
ۑ
ې

ۙ
ۘ

ۗ
 

ൌ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

 ௙ ݁௄೏௝ఠܭ

(4-61) 

where  

଴ܭ ൌ ቌ
௠ℓ ݁ܨ

 ߨ 
ඨ

ߙ௥ܣ ௦ܧ࣬
ݍ ௧ܰܣ௕

ቍ

ே೟ேೝ

 

(4-62) 

௙ܭ ൌ ෍ ෍ … ෍ ௨మݓ௨భݓ … ௨ಿ೟ಿೝݓ
௩మݓ௩భݓ … ௩ಿ೟ಿೝݓ

ேೠ

௨ಿ೟ಿೝୀିேೠ
௨ಿ೟ಿೝஷ଴

 
ேೠ

௨మୀିேೠ
௨మஷ଴

ேೠ

௨భୀିேೠ
௨భஷ଴

 

݌ݔ݁ ቂ ℓߪ 2√  ቀݔ௨భ ൅ ௨మݔ ൅ ڮ … ൅ ௨ಿ೟ಿೝݔ
ቁ ൅ ቀݔ௩ଵ ൅ ௩ଶݔ ൅ ڮ ൅ ௩ே೟ேೝݔ

ቁቃ   

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቃ
ቀି  ଷଶቁ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቃ
ቀି  ଷଶቁ

… … 

൤ሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൨

ቀି  ଷଶቁ
 



95 

 

ݔ݁ ݌

ە
ۖ
۔

ۖ
ۓ

 ൬െ 
௞ ܭ

2 ൰

ۏ
ێ
ێ
ێ
ۍ ቀݔ௩భ െ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቁ

ଶ

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቃ
൅

ቀݔ௩మ െ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቁ
ଶ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቃ
… …

൅ 
൬ݔ௩ಿ೟ಿೝ

െ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൰
ଶ

൤ሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൨ے

ۑ
ۑ
ې

ۙ
ۘ

ۗ
 

(4-63) 

ௗܭ ൌ ௩ଵݔ ൅ ௩ଶݔ ൅ ڮ ൅ ௩ே೟ேೝݔ
 

(4-64) 

௞ ܭ ൌ
݃ ௦ܧ࣬

ݍ ௧ܰ
ൌ

ߙ௥ܣ௦ 2ܧ࣬
ݍ ௧ܰܣ௕

 

 (4-65)  

In Eq. (4-61), the complex ܨ௣ሺ߱ሻ can be represented as  

௣ሺ߱ሻ൧ܨൣ݈ܴܽ݁ ൌ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

 ௗ߱ሻܭሺ ݏ݋௙ܿܭ

(4-66) 

௣ሺ߱ሻ൧ܨൣ݃ܽ݉ܫ ൌ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

 ௗ߱ሻܭሺ ݊݅ݏ௙ܭ

(4-67)  

The integral in Eq. (4-51) is  

ܫ ൌ
1

ߨ2 න ൛ܴ݈݁ܽൣܨ௣ሺ߱ሻ൧ܴ݈݁ܽൣܨ௙ሺ߱ሻ൧ െ ௙ሺ߱ሻ൧ൟܨൣ݃ܽ݉ܫ௣ሺ߱ሻ൧ܨൣ݃ܽ݉ܫ
ஶ

ିஶ
݀߱ 
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ൌ
1

ߨ2 න ቐ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

ௗ߱ሻܭሺ ݏ݋௙ܿܭ න ൣ݁ି௞೗௛మ ܿݏ݋ሺ݄߱ሻ൧
ஶ

଴
݄݀

ஶ

ିஶ

൅ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

ௗ߱ሻܭሺ ݊݅ݏ௙ܭ න ൣ݁ି௞೗௛మ ݊݅ݏሺ݄߱ሻ൧
ஶ

଴
݄݀ቑ ݀߱ 

(4-68)  

Because the integral ܫ is real, the integrand in the above Eq. (4-68) is even,  

௙ሺെ߱ሻ൧ܨ௣ሺെ߱ሻ൧ܴ݈݁ܽൣܨൣ݈ܴܽ݁ െ  ௙ሺെ߱ሻ൧ܨൣ݃ܽ݉ܫ௣ሺെ߱ሻ൧ܨൣ݃ܽ݉ܫ

ൌ
1

ߨ2 න ቐ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

ௗ߱ሻܭሺെ ݏ݋௙ܿܭ න ൣ݁ି௞೗௛మ ܿݏ݋ሺെ݄߱ሻ൧
ஶ

଴
݄݀

ஶ

ିஶ

൅ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

ௗ߱ሻܭሺെ ݊݅ݏ௙ܭ න ൣ݁ି௞೗௛మ ݊݅ݏሺെ݄߱ሻ൧
ஶ

଴
݄݀ቑ 

ൌ
1

ߨ2 න ቐ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

ௗ߱ሻܭሺ ݏ݋௙ܿܭ න ൣ݁ି௞೗௛మ ܿݏ݋ሺ݄߱ሻ൧
ஶ

଴
݄݀

ஶ

ିஶ

൅ ෍ ෍ … ෍ ଴ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩మୀଵ

ேೡ

௩భୀଵ

ௗ߱ሻܭሺ ݊݅ݏ௙ܭ න ൣ݁ି௞೗௛మ ݊݅ݏሺ݄߱ሻ൧
ஶ

଴
݄݀ቑ 

ൌ ௙ሺ߱ሻ൧ܨ௣ሺ߱ሻ൧ܴ݈݁ܽൣܨൣ݈ܴܽ݁ െ  ௙ሺ߱ሻ൧ܨൣ݃ܽ݉ܫ௣ሺ߱ሻ൧ܨൣ݃ܽ݉ܫ

(4-69)  

where ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 .  Eq. (4-68) can be represented as  

ܫ ൌ ෍ … ෍
௙ܭ଴ܭ

ߨ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩భୀଵ

ቊන ቈܿݏ݋ሺܭௗ߱ሻ න ൫݁ି௞೗௛మ ܿݏ݋ሺ݄߱ሻ൯
ஶ

଴
݄݀

ஶ

଴

൅ ௗ߱ሻܭሺ݊݅ݏ න ൫݁ି௞೗௛మ ݊݅ݏሺ݄߱ሻ൯
ஶ

଴
݄݀቉ ݀߱ቋ 

 (4-70)  
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According to the reference [5] (P480 3.896), the following integrals are  

න ൣ݁ିఉ௛మ ܿݏ݋ሺܾ݄ሻ൧݄݀
ஶ

଴
ൌ

1
2 ඨ

ߨ
ߚ ݌ݔ݁ ቆെ

ܾଶ

ቇߚ4 ߚ ݈ܴܽ݁                              ൐ 0 

(4-71a)  

න ൣ݁ିఈ௛మ ݊݅ݏሺܾ݄ሻ൧݄݀
ஶ

଴
ൌ

ܾ
ߙ2 ෍

1
ሺ2݇ െ 1ሻ!! ቆെ

ܾଶ

ቇߙ2
ሺ௞ିଵሻஶ

௞ୀଵ

ߙ ݈ܴܽ݁      ൐ 0 

(4-71b)  

Then  

න ൣ݁ି௞೗௛మ ܿݏ݋ሺ݄߱ሻ൧
ஶ

଴
݄݀ ൌ

1
2 ඨ

ߨ
݇௟

݌ݔ݁ ቆെ
߱ଶ

4݇௟
ቇ 

(4-72)  

න ൣ݁ି௞೗௛మ ݊݅ݏሺ݄߱ሻ൧
ஶ

଴
݄݀ ൌ

߱
2݇௟

෍
1

ሺ2݌ െ 1ሻ!!
ቆെ

߱ଶ

2݇௟
ቇ

ሺ௣ିଵሻஶ

௣ୀଵ

 

(4-73)  

If the variable ఠ
ଶඥ௞೗

 is in the range of small values, computing large number of terms in 

the above series representation can obtain the value of the integral in Eq. (4-73). But 

if the variable ఠ
ଶඥ௞೗

 is in the range of large values, the computing result of Eq. (4-73) 

becomes oscillated very severely. As the ఠ
ଶඥ௞೗

 increases and ݇௟ ൌ 82.161, the results are 

shown in Fig. 4.1 
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Figure 4.1 Computing result of the series expression in Eq. (4-73) 

The following integral in Eq. (4-73) can also be represented by Dawson’s integral 

  ஽ሺ߱ሻ asܨ

න ൣ݁ି௞೗௛మ ݊݅ݏሺ݄߱ሻ൧
ஶ

଴
݄݀ ൌ

1
ඥ݇௟

஽ܨ ቆ
߱

2 ඥ݇௟
ቇ 

 (4-74) 

where ܨ஽ሺݔሻ denotes  Dawson’s integral [6],  

ሻݔ஽ሺܨ ൌ ݁൫ି௫మ൯ න ݁௧మ݀ݐ
௫

଴
ൌ Φݔ ൬1,

3
2 , െݔଶ൰ ൌ ݔ ෍

1
ሺ2݌ െ 1ሻ!!

ሺെ2ݔଶሻሺ௣ିଵሻ
ஶ

௣ୀଵ

 

(4-75) 

Dawson’s integral can be computed more efficiently by using the remarkable 

approximation due to Rybicki [7] 

ሻݔ஽ሺܨ ൌ lim
௛೏՜଴

1
ߨ√

෍
݁ିሺ௫ି௭௛೏ሻమ

ݖ
௭ ௢ௗௗ

 

(4-76) 
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The approximation equation for computing can be represented as [7]  

ᇱሻݔ஽ሺܨ ൎ
1

ߨ√
෍

݁ି൫௫ᇲି௭ᇲ௛೏൯మ

ᇱݖ ൅ ଴ݖ

ேವ

௭ᇲୀିேವ
 ௭ᇲ ௢ௗௗ

 

(4-77) 

where ݖ଴ is the even integer nearest to ௫
௛೏

଴ݔ ,  ൌ ᇱݔ , ଴݄ௗݖ ൌ ݔ െ ᇱݖ ଴ andݔ ൌ ݖ െ  .଴ݖ

The approximate equality is accurate when ݄ௗ is sufficiently small and ஽ܰ is 

sufficiently large [7]. The computation of this formula in Eq. (4-77) can be greatly 

speeded up if we note that [7] 

݁ି൫௫ᇲି௭ᇲ௛೏൯మ
ൌ ݁ି௫ᇲమ

݁ି൫௭ᇲ௛೏൯మ
൫݁ଶ௫ᇲ௛೏൯

௭ᇲ

                       (4-78) 

The first factor is computed once, the second is an array of constants to be stored, and 

the third can be computed recursively. Thus only two exponentials must be evaluated 

[7]. Advantage is also taken of the symmetry of the coefficients by breaking the 

summation up into positive and negative values of ݖᇱ separately [7]. In order to 

maintain relative accuracy at values near ݔ ൌ 0 in the calculation of error probability, 

Dawson’s integral is computed by the series in Eq. (4-73) for |ݔ| ൏ 0.2 and by Eq. (4-

77) for |ݔ| ൒ 0.2.  

஽ܨ ቆ
߱

2 ඥ݇௟
ቇ ൌ

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ߱

2 ඥ݇௟
෍

1
ሺ2݌ െ 1ሻ!! ቆെ

߱ଶ

2݇௟
ቇ

ሺ௣ିଵሻேೄ

௣ୀଵ

   
߱

2 ඥ݇௟
൏ 0.2     

1
ߨ√

෍
݁
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where ݖ଴ is the even integer nearest to ఠ
௛೏ଶඥ௞೗

 , ఠబ
௛೏ଶඥ௞೗

ൌ ′߱ ,଴݄ௗݖ ൌ ߱ െ ߱଴ , 

ᇱݖ ൌ ݖ െ ଴  , ௌܰ and ஽ܰ are the truncating term numbers. As the ఠݖ
ଶඥ௞೗

 increases and 

݇௟ ൌ 82.161, the computing result of Eq. (4-79) by Dawson’s integral is shown in Fig. 

4.2. The computing result of Eq. (4-79) converges as the ߱ increases. 

 

Figure 4.2 Computing result of Eq. (4-73) by Dawson’s integral 

 

4.1.4  Fourier Series Method for Calculating the Average SEP  

According to reference [3], [6], [8], [9] and Appendix L, the average symbol error 

probability ௦ܲሺܧሻ for one PPM symbol can be represented by the Fourier series  

௦ܲሺܧሻ ൌ
1
ிܶ

෍ ܴ݈݁ܽሼΦ௫ሺ݊߱଴ሻܩ௫ሺ݊߱଴ሻሽ 
ஶ

௡ୀିஶ

 

ൌ
߱଴

ߨ2 ܴ݈݁ܽሼΦ௫ሺ0ሻܩ௫ሺ0ሻሽ ൅
2߱଴

ߨ ෍ ܴ݈݁ܽሼΦ௫ሺ݊߱଴ሻܩ௫ሺ݊߱଴ሻሽ 
ஶ

௡ୀଵ
௡ ௢ௗௗ

 

(4-80) 
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where ߱଴ ൌ ଶగ
்ಷ

, Φ௫ሺ߱ሻ is the characteristic function of ௘ܲሺݔሻ and ݔ ൒ 0 , Φ௫ሺ߱ሻ ൌ

׬ ௘ܲሺݔሻ݁௝ఠ௫݀ݔஶ
଴  ሻ with theݔ௫ሺ߱ሻ is the Fourier transform of the function ݂ሺܩ ,

random variable ܩ ,ݔ௫ሺ߱ሻ ൌ ׬ ݂ሺݔሻ݁ି௝ఠ௫ ݀ݔஶ
଴ ሾ9ሿ.  ௘ܲሺݔሻdenotes the symbol or bit 

error probability on an additive white Gaussian noise channel conditioned by the 

signal-to-noise ration or the combining output envelope [9]. By using Eq. (4-80) in 

MIMO FSO systems and truncating the infinite summation, a detailed derivation of 

Eq. (4-80) is given in Appendix L. The average symbol error probability ௦ܲሺܧሻ for 

one PPM symbol is  
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൞
1
4 ൅ ෍ ቈܿݏ݋ሺܭௗ݊߱଴ሻ ݌ݔ݁ ቈെ 
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(4-81) 

where   

଴ܭ
ᇱ ൌ

୭୤୤ߪ

ܣܯߨ2√
ቆ

௠ℓ ݁ܨ

ݍඥ ߨ
ቇ

ே೟ேೝ

൬
ߙ௥ܣ ௦ܧ࣬

௧ܰܣ௕
൰

ቀே೟ேೝ
ଶ  ିଵቁ

 

(4-82a) 

݇௟ ൌ
݇ሺܧ௦࣬݃ܣܯሻଶ 

2 ௧ܰ
ଶ൫݇ߪ୭୬

ଶ ൅ ୭୤୤ߪ
ଶ൯

 

(4-82b) 

߱଴ ൌ ଶగ
்ಷ

                                                                                                                 (4-82c) 

݃ ൌ ଶ஺ೝఈ
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                                                                                                               (4-82d) 

஽ܨ ቆ
݊߱0

2 ඥ݇௟
ቇ ൌ

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ݊߱0

2 ඥ݇௟
෍

1
ሺ2݌ െ 1ሻ!! ቈെ 

ሺ݊߱0ሻଶ

2݇௟
቉

ሺ௣ିଵሻேೄ

௣ୀଵ

   
݊߱0

2 ඥ݇௟
൏ 0.2     

1
ߨ√

෍
݁

ି൥൭ ݊߱0

ଶ ඥ௞೗
൱ି௭ᇲ௛೏൩

మ

ᇱݖ ൅ ଴ݖ

ேವ

௭ᇲୀିேವ
 ௭ᇲ ௢ௗௗ

                
݊߱0

2 ඥ݇௟
൒ 0.2   

 

 (4-82f) 

௙ܭ ൌ ෍ ෍ … ෍ ௨మݓ௨భݓ … ௨ಿ೟ಿೝݓ
௩మݓ௩భݓ … ௩ಿ೟ಿೝݓ

ேೠ

௨ಿ೟ಿೝୀିேೠ
௨ಿ೟ಿೝஷ଴

 
ேೠ

௨మୀିேೠ
௨మஷ଴

ேೠ

௨భୀିேೠ
௨భஷ଴

 

݌ݔ݁ ቂ ℓߪ 2√  ቀݔ௨భ ൅ ௨మݔ ൅ ڮ … ൅ ௨ಿ೟ಿೝݔ
ቁ ൅ ቀݔ௩ଵ ൅ ௩ଶݔ ൅ ڮ ൅ ௩ே೟ேೝݔ

ቁቃ   

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠభ ቃ
ቀି  ଷଶቁ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠమ ቃ
ቀି  ଷଶቁ

… … 
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൤ሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁ √ଶ ఙℓ ௫ೠಿ೟ಿೝ ൨

ቀି  ଷଶቁ
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۔

ۖ
ۓ
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ଶ
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ۑ
ۑ
ې

ۙ
ۘ

ۗ
 

(4-82g) 

ௗܭ ൌ ௩ଵݔ ൅ ௩ଶݔ ൅ ڮ ൅ ௩ே೟ேೝݔ
 

(4-82h) 

௞ ܭ ൌ
݃ ௦ܧ࣬

ݍ ௧ܰ
ൌ

ߙ௥ܣ௦ 2ܧ࣬
ݍ ௧ܰܣ௕

 

 (4-82i)  

ிܰ  is the truncating term number, ிܶ ൌ ଶగ
ఠబ

଴ܭ ,
ᇱ, ܭ௙, ܭௗ and ܨ஽ ൬ ௡ఠబ

ଶඥ௞೗
൰ are given in Eq. 

(4-82a), Eq. (4-82g), Eq. (4-82h) and Eq. (4-82f), ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 and ߱଴  ൌ ଶగ
்ಷ

 

. ிܶ is selected such that ௘ܲሺݐ ൒ ܶሻ ൑  can be set to a very small value and ிܶ is ߝ , ߝ

also selected as the suitable integer times of ܭௗ, ிܶ ൌ  ௗ. ிܰ can be selected as theܭ்݊

suitable integer times of 2்݊ߨ, ிܰ ൌ ݊ி2்݊ߨ . ݄ௗ is selected sufficiently small, and 

்݊, ݊ி, ஽ܰ,  ௌܰ,  ௩ܰ and ௨ܰ are sufficiently large such that the calculation error ߝ can 

be set to a very small value and the accuracy can meet the practical requirement. The 

computing result of Eq. (4-73) by Dawson’s integral is shown in Fig. 4.2 . 

     The average symbol error probability ௘ܲ_௠௔௧௥௜௫ሺܧሻ of one transmitted matrix is 

௘ܲ_௠௔௧௥௜௫ሺܧሻ ൌ ௦ܲሺܧሻே  
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 (4-83) 

where ܰ is the number of the PPM symbols that are in one transmitted matrix.  

Similarly, the average bit error probability ௕ܲሺܧሻ has the following relationship 

with the average symbol error probability ௦ܲሺܧሻ  
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 (4-84) 

The average pairwise error probability ܲ௦՜௦ᇲሺܧሻ for one PPM symbol in the 

MIMO FSO systems can be represented as 
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                                         (4-85) 
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where ܮ is the number of the slot in one Q-ary PPM symbol, ܮ ൌ 2ொ.   

 

4.1.5  Modified Gauss-Chebyshev Method for Calculating the Average SEP  

The Gauss-Chebyshev quadrature-based numerical technique is used to calculate the 

average error probability in communication systems [4]. In this dissertation, a 

modified Gauss-Chebyshev method, the “extended Gauss-Chebyshev quadrature-

based technique”, is proposed and employed in the calculation of the average SEP and 

BEP efficiently. 

The following variable substitution is proposed and used for calculating the 

second integral in Eq. (4-70) 

߱ ൌ ට ௖௫
ଵି௫

 ൌ  ߬௤                                                           (4-86) 

In Appendix M, a detailed derivation of the expressions for ߱ and ݔ is given. Since 

the variable ߱ is in the range from zero to infinity, the variable ݔ ൌ ଵ
ଵା ೎

ഘమ
 is in the 

range from zero to one. According to Appendix M, ݀߱ is given as  

݀߱ ൌ ݀ ൬ට ௖௫
ଵି௫

൰ ൌ √௖
ଶ௫ሺଵି௫ሻ ට ௫

ଵି௫
 (87-4)                             ݔ݀ 

According to reference [4] (P889, 25.4.42), we have 

න ݂ሺݔሻ ට
ݔ

1 െ ݔ ݔ݀  ൌ  ෍ ߱௤݂൫ݔ௤൯
ேಸ

௤ୀଵ

ଵ

଴
൅ ܴ௡ 

(4-88a) 

௤ݔ ൌ ଶݏ݋ܿ ൤൬
ݍ2 െ 1

2 ீܰ ൅ 1൰
ߨ
2൨ 

(4-88b) 

߱௤ ൌ
ߨ2

ሺ2 ீܰ ൅ 1ሻ  ௤ݔ
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(4-88c) 
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1 െ ௤ݔ
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(4-88d) 

The integrals in Eq. (4-70) are calculated in Appendix N and represented as  
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(4-89a) 
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(4-90) 

The integral in Eq. (4-70) is  
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(4-91)  

The average symbol error probability ௦ܲሺܧሻ of one PPM symbol is  
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where   ܭ଴, ܭ௙, ܭௗ and ܨ஽ ൬ ఛ೜

ଶඥ௞೗
൰ are given in Eq. (4-62), Eq. (4-63), Eq. (4-64) and 

Eq. (4-90), ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 , ߬௤ ൌ ට
௖௫೜

ଵି௫೜
ൌ ݐ݋ܿܿ√ ቂቀ ଶ௤ିଵ

ଶேಸାଵ
ቁ గ

ଶ
ቃ , ݄ௗ is selected 

sufficiently small, and ݊௤, ஽ܰ, ௌܰ, ீܰ, ௩ܰ and ௨ܰ are sufficiently large such that the 

calculation error ߝ can be set to a very small value and the accuracy can meet the 

practical requirement. The parameter √ܿ  is selected as the suitable integer times of 

ܿ√ ,ௗܭ ൌ 1/ሺ݊௤ܭௗ) , and √ܿ is also selected by making the integral of the imaginary 

part in Eq. (4-49) equal to zero, ଵ
ଶగ ׬ ௙ሺ߱ሻ൧ஶܨ௣ሺ߱ሻܨൣ݃ܽ݉ܫ

ିஶ ݀߱ ൌ 0. 

The average symbol error probability ௘ܲ_௠௔௧௥௜௫ሺܧሻ of one matrix is  

௘ܲ೘ೌ೟ೝ೔ೣ
ሺܧሻ ൌ ௦ܲሺܧሻே 
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     The average bit error probability ௕ܲሺܧሻ has the following relationship with the 

average symbol error probability ௦ܲሺܧሻ   
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(4-94) 

The average pairwise error probability ܲ௦՜௦ᇲሺܧሻ for one PPM symbol in the 

MIMO FSO systems can be represented as 
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                                         (4-95) 

where ܮ is the number of the slot in one Q-ary PPM symbol, ܮ ൌ 2ொ.   

 

4.2  Symbol Error Probability Calculation of SISO FSO Systems 

The average error probabilities of MIMO systems with lognormal fading channels are 

analyzed in Section 4.1. By using these equations given for MIMO system, the 

average error probabilities for SISO have been obtained. 

   

4.2.1  SEP Calculation of SISO FSO Systems By Fourier Series Method 

For the SISO FSO system with lognormal fading channel, the average symbol error 

probability of one PPM symbol is   
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 (4-96) 

where   
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ௗܭ ൌ  ௩ଵݔ

(4-97d) 
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 (4-97e)  

ிܰ  is the truncating term number, ிܶ ൌ ଶగ
ఠబ

௦଴ܭ , 
ᇱ, ܭ௦௙, ܭௗ and ܨ஽ ൬ ௡ఠబ

ଶඥ௞೗
൰ are given in 

Eq. (4-97b), Eq. (4-97c), Eq. (4-97d) and Eq. (4-97a), ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 and 

߱଴  ൌ ଶగ
்ಷ

 . ிܶ is selected such that ௘ܲሺݐ ൒ ܶሻ ൑  .can be set to a very small value ߝ , ߝ

 ிܶ is also selected as the suitable integer times of ܭௗ, ிܶ ൌ  ௗ. ிܰ can be selectedܭ்݊

as the suitable integer times of 2்݊ߨ, ிܰ ൌ ݊ி2்݊ߨ. ݄ௗ is selected sufficiently small, 

and ்݊, ݊ி, ஽ܰ,  ௌܰ,  ௩ܰ and ௨ܰ are sufficiently large such that the calculation error ߝ 

can be set to a very small value and the accuracy can meet the practical requirement. 

     The average symbol error probability ௘ܲ_௠௔௧௥௜௫ሺܧሻ of one transmitted matrix for 

SISO FSO systems is 

௘ܲ_௠௔௧௥௜௫ሺܧሻ ൌ ௦ܲሺܧሻே  
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where ܰ is the number of the PPM symbols in one transmitted matrix.  

The average bit error probability ௕ܲሺܧሻ for SISO FSO systems has the 

following relationship with the average symbol error probability ௦ܲሺܧሻ   
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(4-99) 

The average pairwise error probability ܲ௦՜௦ᇲሺܧሻ for one PPM symbol in the 

SISO FSO systems can be represented as 
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                                         (4-100) 
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where ܮ is the number of the slot in one Q-ary PPM symbol, ܮ ൌ 2ொ.   

 

4.2.2  SEP Calculation of SISO FSO Systems By Modified Gauss-Chebyshev 

Method 

The computing equations in Section 4.1.5 by the modified Gauss-Chebyshev method 

can be used to calculate the average SEP of SISO system as ௧ܰ ൌ 1, ௥ܰ ൌ 1.  

The average symbol error probability ௦ܲሺܧሻ of one PPM symbol for SISO 

systems is  
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where 
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where   ܭ௖଴, ܭ௦௙, ܭௗ and ܨ஽ ൬ ఛ೜

ଶඥ௞೗
൰ are given in Eq. (4-102a), Eq. (4-102b), Eq. (4-

102c) and Eq. (4-90), ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
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selected sufficiently small, ிܶ   is the suitable integer times of ܭௗ, and ݊௤, ஽ܰ, ௌܰ, 

ீܰ, ௩ܰ and ௨ܰ are sufficiently large such that the calculation error ߝ can be set to a 

very small value and the accuracy can meet the practical requirement. The parameter 

√ܿ  is selected as a suitable integer times of ܭௗ, √ܿ ൌ 1/ሺ݊௤ܭௗ) and √ܿ is also 

selected by making the integral of the imaginary part in Eq. (4-49) equal to zero, 
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The average symbol error probability ௘ܲ_௠௔௧௥௜௫ሺܧሻ of one matrix is  
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     The average bit error probability ௕ܲሺܧሻ has the following relationship with the 

average symbol error probability ௦ܲሺܧሻ as  

௕ܲሺܧሻ ൌ
ܮ

2ሺܮ െ 1ሻ ௦ܲሺܧሻ ൌ
2ொିଵ

2ொ െ 1 ௦ܲሺܧሻ 

൑
2ொିଵ

2ொ െ 1 ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵߪ୭୤୤  ܭ௖଴

ට൫݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ൯

௅ିଵ

௞ୀଵ

෍ ௙ܭ

ேೡ

௩భୀଵ

൞
ௗܭ൫െ݇௟݌ݔ݁

ଶ൯
2

൅
1

ሺ2 ீܰ ൅ 1ሻ ඥ݇௟
෍

√ܿ ௗ߬௤൯ܭ൫݊݅ݏ

ଶ݊݅ݏ ቂቀ ݍ2 െ 1
2 ீܰ ൅ 1ቁ ߨ

2ቃ
஽ܨ ቆ

߬௤

2 ඥ݇௟
ቇ

ேಸ

௤ୀଵ
ቑ 

(4-104) 

The average pairwise error probability ܲ௦՜௦ᇲሺܧሻ for one PPM symbol in the 

SISO FSO systems can be represented as  
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                                         (4-105) 

where ܮ is the number of the slots in one Q-ary PPM symbol, ܮ ൌ 2ொ.   
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4.3  Error Analysis for SEP and BEP Calculations 

The average error probabilities of MIMO and SISO systems with lognormal fading 

channels are calculated in Section 4.1 and Section 4.2. The errors introduced by 

numerical calculations and truncations are analyzed in this section in detail. 

 

4.3.1  Error Analysis for the Average SEP and BEP Calculation  

As the complexity of MIMO transmissions, the calculation employs the Chernov 

Bound, Gaussian Hermite numerical integration, Gaussian Laguerre numerical 

integration, Gauss Chebyshev numerical integration, Fourier series and Dawson 

integral approximation. These calculations employ the summation of infinite series 

and numerical calculation. In order to make the calculation tractable, the infinite 

summations are truncated. Thus, the discretization error and truncation error are 

introduced. If the discretization step is sufficiently small and the number of terms in 

the truncated summation is sufficiently large, the discretization error and truncation 

error are negligible. If the calculation of the error probabilities employs the Fourier 

series method, the total error ܧሺ݁ሻ can be represented as  

ሺ݁ሻܧ ൌ ሻߜ஼஻ሺܧ ൅ ுሺீܧ ௨ܰሻ ൅ ௅ሺீܧ ௩ܰሻ ൅ ிௌሺܧ ிܰሻ ൅ ிௌሺ்ܧ ிܰሻ ൅ ஽ሺܧ ஽ܰሻ ൅ ஽ሺ்ܧ ஽ܰሻ 

(4-106) 

If the calculation employs the Gaussian Chebyshev method, the total error ܧሺ݁ሻ can 

be represented as 

ሺ݁ሻܧ ൌ ሻߜ஼஻ሺܧ ൅ ுሺீܧ ௨ܰሻ ൅ ௅ሺீܧ ௩ܰሻ ൅ ஼ሺீܧ ீܰሻ ൅ ஽ሺܧ ஽ܰሻ ൅ ஽ሺ்ܧ ஽ܰሻ 

(4-107) 

Where ܧ஼஻ሺߜሻ , ுሺீܧ ௨ܰሻ , ௅ሺீܧ ௩ܰሻ , ிௌሺܧ ிܰሻ, ஼ሺீܧ ீܰሻ , ஽ሺܧ ஽ܰሻ are the 

calculation errors of the Chernov bound, Gaussian Hermite numerical integration, 

Gaussian Laguerre numerical integration, Fourier series technique, Gauss Chebyshev 
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numerical integration and Dawson integral approximation, respectively. ்ܧிௌሺ ிܰሻ and 

஽ሺ்ܧ ஽ܰሻ are the truncation error of the Fourier series method and Dawson’s Integral 

approximation. 

For Dawson’s integral approximation in Eq. (4-76), Eq. (4-77), (4-78) and Eq. 

(4-79), if the choices of the step ݄ௗ ൌ 0.4 and the term number ஽ܰ ൌ 11 are made, 

the accuracy of the result is about 2 ൈ 10ି଻[7]. This is small enough for the error 

probability calculation of MIMO FSO systems. 

For Gaussian Hermite numerical integration, Gaussian Laguerre numerical 

integration and Gaussian Chebyshev numerical integration, the computation error is 

given in the reference [4]. From Eq. (3-45), the error of the Gaussian Hermite 

numerical integration is [4] 

ுሺீܧ ௨ܰሻ ൌ ௨ܰ! ߨ√
2ேೠሺ2 ௨ܰሻ!

݂ሺଶேೠሻሺݔሻ             െ ∞ ൏ ݔ ൏ ∞       

(4-108) 

The function ݂ሺݔሻ in Eq. (3-45) is 

݂ሺݔሻ ൌ
ܨߟ

 ܯ ߨ2√
ቈߟ ݁ቀ √ଶఙℓ ௫ ା ௟௡ఒೞ ഢണതതതതതത  ା ௠ℓ ቁ ൅

݉௦ ௜௝ሺܨ െ 1ሻ
ܯ ቉

ି   ଷଶ
 

݌ݔ݁ ൞െ 
ቀ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢണതതതതതത  ା ௠ℓ ൯ െ  

݉௦ ௜௝
ܯ ቁ

ଶ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢണതതതതതത  ା ௠ℓ ൯ ൅  
݉௦ ௜௝ሺܨ െ 1ሻ

ܯ ൨
൅ ൅ ݔ ℓߪ2√ ௦ పఫതതതതതߣ݈݊    ൅ ݉ℓൢ 

 (4-109) 

Figure 4.3 shows the plot of  ݂ሺݔሻ with  ߣ௦ పఫതതതതത ൌ 800, ݉௦ ௜௝ ൌ ℓߪ , 32000 ൌ 0.4458, 

݉ℓ ൌ െ ఙℓమ

ଶ
ߟ , ൌ ܯ ,78% ൌ ܨ ,40 ൌ  ଴.଻ for InGaAs APD. If the parametersܯ

change, the plot of ݂ሺݔሻ changes from that in Fig 4.3, but it still converges in the 

similar manner. 
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Figure 4.3  Plot of ݂ሺݔሻ in Eq. (4-109) 

     The first order derivative of the function ݂ሺݔሻ is calculated in Appendix O and can 

be represented as 

݀ሾ݂ሺݔሻሿ
ݔ݀ ൌ

ܨߟ

 ܯ ߨ2√
൤ߟ ݁ቀ തതതത  ൅ ݉ℓ ቁ݆݅ ݏߣ݈݊ ൅ ݔ ℓߪ2√ ൅

ܨሺ݆݅ ݏ݉ െ 1ሻ

ܯ
൨

െ   
3
2
 

݌ݔ݁ ൞െ 
ቂ݁ߟ൫√2ߪℓ ݔ ൅ ݈݊ݏߣ ݆݅തതതത  ൅ ݉ℓ ൯ െ   

݆݅ ݏ݉

ܯ ቃ
2

2 ൤ߟ ݁൫√2ߪℓ ݔ ൅ ݈݊ݏߣ ݆݅തതതത  ൅ ݉ℓ ൯ ൅   
ܨሺ݆݅ ݏ݉ െ 1ሻ

ܯ ൨
൅ ൅ ݔ ℓߪ2√ തതതത݆݅ ݏߣ݈݊    ൅  ݉ℓൢ 

ە
ۖ
۔

ۖ
ۓ

െ 
ℓߪ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢണതതതതതത  ା ௠ℓ ൯√2݁ ߟ ቄ3 ൅ 2 ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢണതതതതതത  ା ௠ℓ ൯ െ   

݉௦ ௜௝
ܯ ቃቅ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢണതതതതതത  ା ௠ℓ ൯ ൅
݉௦ ௜௝ሺܨ െ 1ሻ

ܯ ൨

൅
ቂ݁ߟ൫√2ߪℓ ݔ ൅ ݈݊ݏߣ ݆݅തതതതതത  ൅ ݉ℓ ൯ െ  

݆݅ ݏ݉
ܯ ቃ

2
ℓߪതതതതതത  ൅ ݉ℓ  ൯√2݆݅ ݏߣ݈݊ ൅ ݔ ℓߪ൫√2݁ ߟ

2 ቈߟ ݁൫√2ߪℓ ݔ ൅ ݈݊ݏߣ ݆݅തതതതതത  ൅ ݉ℓ ൯ ൅  
ܨሺ݆݅ ݏ݉ െ 1ሻ

ܯ ቉
2 ൅ ℓߪ2√

ۙ
ۖ
ۘ

ۖ
ۗ

 

(4-110) 

Figure 4.4  shows the plot of  ௗሾ௙ሺ௫ሻሿ
ௗ௫

  with  ߣ௦ పఫതതതതത ൌ 800,  ݉௦ ௜௝ ൌ ℓߪ ,32000 ൌ 0.4458, 

݉ℓ ൌ െ ఙℓ
మ

ଶ
ߟ , ൌ ܯ ,78% ൌ ܨ ,40 ൌ   .଴.଻ for InGaAs APDܯ
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 Figure 4.4  Plot of  ௗሾ௙ሺ௫ሻሿ
ௗ௫

 in Eq. (4-110) 

The first order derivative ௗሾ௙ሺ௫ሻሿ
ௗ௫

 of ݂ሺݔሻ is the slope of the curve of ݂ሺݔሻ in Fig. 

4.3. According to the calculation in Appendix O and the plots of ݂ሺݔሻ and ௗሾ௙ሺ௫ሻሿ
ௗ௫

 in 

Fig. 4.3 and Fig. 4.4, the curves of ݂ሺݔሻ and ௗሾ௙ሺ௫ሻሿ
ௗ௫

 have upper bounds. The high 

order derivatives of ݂ሺݔሻ also have the upper bounds. It can be assumed that the ௨ܰ-

order derivative of ݂ሺݔሻ has the upper bound ݂ሺݔሻ ൑ ∞ு, for െீܥ ൑ ݔ ൏ ∞. If 

௨ܰ ൌ 20, the value of ேೠ!√గ
ଶಿೠሺଶேೠሻ!

 part in Eq. (4-108) is 5.0403 ൈ 10ିଷ଺. The value of 

the error in Eq. (4-108) has the upper bound 5.0403 ൈ 10ିଷ଺ீܥு . The error value 

can be sufficiently small if ௨ܰ is sufficiently large. 

In the calculation of Eq. (4-57), the error equation of the Gaussian Laguerre 

integral is [4] 

௅ሺீܧ ௩ܰሻ ൌ
ሺ ௩ܰ!ሻଶ

ሺ2 ௩ܰሻ!
݂ሺଶேೡሻሺݔሻ            0 ൏ ݔ ൏ ∞ 

(4-111) 

The function ݂ሺݔሻ in Eq. (4-57) is 
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݃ሺ݄ ௜௟ሻ ൌ ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ൝݄ ௜௟ ݌ݔ௫ೠ൧ቀି  యమቁ݁ ܭ െ 
௄ ೖቀ௛ ೔೗ି௘ ೘ℓ௘√మ ഑ℓ ೣೠቁ

మ

ଶቂሺிିଵሻ௛ ೔೗ା௘ ೘ℓ௘√మ ഑ℓ ೣೠቃ
൅ ݆݄߱ ௜௟ൡ  

   ൌ ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ൝݄ ௜௟ ݌ݔ௫ೠ൧ቀି  యమቁ݁ ܭ െ  
௄ ೖቀ௛ ೔೗ି௘ ೘ℓ௘√మ ഑ℓ ೣೠቁ

మ

ଶቂሺிିଵሻ௛ ೔೗ା௘ ೘ℓ௘√మ ഑ℓ ೣೠቃ
ൡ   ሺ݄߱ ௜௟ሻݏ݋ܿ

൅݆ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ൝݄ ௜௟ ݌ݔ௫ೠ൧ቀି  యమቁ݁ ܭ െ 
௄ ೖቀ௛ ೔೗ି௘ ೘ℓ௘√మ ഑ℓ ೣೠቁ

మ

ଶቂሺிିଵሻ௛ ೔೗ା௘ ೘ℓ௘√మ ഑ℓ ೣೠቃ
ൡ   ሺ݄߱ ௜௟ሻ݊݅ݏ

   ൌ ݃ଵሺ݄ ௜௟ሻ ൅ ݆݃ଶሺ݄ ௜௟ሻ                                                                                       (4-112) 

where 0 ൑ ݄ ௜௟ ൏ ∞ . According to the values of the parameters in Eq. (4-112), the 

plots of ଵ݃ሺ݄ ௜௟ሻ and ݃ଶሺ݄ ௜௟ሻ vary as ݄ ௜௟ ൒ 0 and ݄ ௜௟ increases but the forms of these 

plots are similar. For example, plots of ଵ݃ሺ݄ ௜௟ሻ and ݃ଶሺ݄ ௜௟ሻ are shown in Fig. 4.5 and 

Fig. 4.6. 

  

Figure 4.5  Plot of ݃ଵሺ݄ ௜௟ሻ in Eq. (4-112) 
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Figure 4.6  Plot of ݃ଶሺ݄ ௜௟ሻ in Eq. (4-112) 

According to the example plots in Fig. 4.5 and Fig. 4.6, the functions ݃ଵሺ݄ ௜௟ሻ and 

݃ଶሺ݄ ௜௟ሻ have the upper bounds. The calculations of the first order derivative of 

ଵ݃ሺ݄ ௜௟ሻ and ݃ଶሺ݄ ௜௟ሻ  are similar to the calculations for ݂ሺݔሻ in Appendix O and they 

are bounded above. It can be assumed that the high order derivatives of ଵ݃ሺ݄ ௜௟ሻ and 

݃ଶሺ݄ ௜௟ሻ have also the upper bound ீܥ௅. If ௩ܰ ൌ 15, the value of ሺேೡ!ሻమ

ሺଶேೡሻ!
 part in Eq. (4-

111) is 6.4467 ൈ 10ିଽ . According to the calculation of the derivatives, the 

computation errors in ݃ଵሺ݄ ௜௟ሻ and ݃ଶሺ݄ ௜௟ሻ in Eq. (4-112) have the upper bound 

6.4467 ൈ 10ିଽ ൈ   .௅. The error value can be sufficiently small if ௩ܰ is large enoughீܥ

     For the Fourier series of Eq. (4-80) and Eq. (4-81), the calculation result turns out 

to be a trapezoidal rule approximation. The error usually associated with the 

trapezoidal rule is simply determined by the step size ிܶ ൌ ଶగ
ఠబ

 . The discretization 

error can be made sufficiently small by choosing the step size ிܶ sufficiently small. 

To obtain a specified numerical accuracy, we must contend with the error due to the 

truncation of the Fourier series. In all practical problems, the series is usually 
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truncated after ிܰ terms. It is the well-known that the partial sum of the Fourier series 

truncated after ሺ ிܰ ൅ 1ሻ term is given by [12]  

ே݂ሺݐሻ ൌ
1
ߨ න ݂ሺݔሻܥேሺݔ െ ሻݐ

గ

ିగ
 ݔ݀

(4-113) 

where the kernel is defined as [12] 

ሻݔேሺܥ ൌ sin ቂቀܰ ൅ ଵ
ଶ
ቁ ቃݔ  ቂsin ቀܰ ൅ ௫

ଶ
ቁቃ

ିଵ
              (4-114) 

A more practical determination is found by using the fact that for an oscillating series, 

the error in truncating the series is approximately the value of the term at which the 

truncation is made [12]. The computational time of the Fourier series can be reduced 

significantly by using the Fast Fourier Transforms [12].  

In the analysis of MIMO FSO systems, the average error probability for the 

conditions of either the fading channel gain ݄ or the received signal to noise ratio ߛ is 

employed [2,3]. The conditional error probability for L-ary PPM signaling employing 

the noncoherent detection scheme includes the Gaussian probability integral Q(.) 

function. Thus, there is a tradeoff between the accuracy and the simplicity of the error 

probability calculation. The Chernov bound is a very tight and useful bound 

frequently employed in communication systems. In this dissertation, the Chernov 

bound for the AWGN channel is used to calculate the error probability.  

For optical receivers under normal working condition, the signal to noise ratio ߛ 

is much bigger than ߛ ൌ ቀாೞ࣬ெ஺௚ ,ܤ0݀
ே೟

ሼ݄ሽቁܧ
ଶ

൒ σ୭୬
ଶ , ቀாೞ࣬ெ஺௚

ே೟
ሼ݄ሽቁܧ

ଶ
൒ σ୭୤୤

ଶ and 

σ୭୬
ଶ ൒ σ୭୤୤

ଶ. Assuming ܧሼ݄ሽ ൌ 1, the mean value ܯఊభ of the variable ாೞ࣬ெ஺௚
ே೟ ఙ౥౜౜

݄ ൅

௡೚೙
 ఙ౥౜౜

 is  
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ఊభܯ ൌ ܧ ൜
݃ܣܯ௦࣬ܧ

௧ܰ ߪ୭୤୤
݄ ൅

݊௢௡

୭୤୤ߪ 
ൠ 

ൌ
݃ܣܯ௦࣬ܧ

௧ܰ ߪ୭୤୤
ሼ݄ሽܧ ൅

ሼ݊௢௡ሽܧ
୭୤୤ߪ 

 

ൌ
݃ܣܯ௦࣬ܧ

௧ܰ ߪ୭୤୤
 

൒ 1 

(4-115) 

The calculations in Appendix G employ the inequality of Eq. (4-23) to obtain the 

computation error. 

ܲ ൤݊ଶ ൑
݃ܣܯܩ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵฬࡿ૚ ݐ݊݁ݏ, ݊ଵ ൌ ݊௢௡, ݄൨ 

ൌ 1 െ 2ܳ ൬ฬ1ߛܯ
݄ ൅

݊௢௡

σ୭୤୤
ฬ൰ 

൒ 1 െ ݁ି  
൬ெംభ௛ା௡೚೙

஢౥౜౜
൰

మ

ଶ  

(4-116) 

When the signal to noise ratio ߛ is zero, ߛ ൌ  ,ఊభ is around  1ܯ the value of ,ܤ0݀

i.e. ܯఊభ ൎ 1. Under most working conditions, the signal to noise ratio is far above 

0dB, as ߛ ൌ ఊభܯ and ܤ10݀ ب 1. Letting ݔ ൌ ௡೚೙
σ౥౜౜

 and ߛଵ ൌ   ఊభ݄ , the functions areܯ

2ܳ ൬ฬܯఊభ݄ ൅
݊݋݊

σoff
ฬ൰ ൌ 2ܳሺ|ߛܯଵ ൅  ሻ|ݔ

  (4-117) 

൦݁െ  
൬1݄ߛܯ൅݊݊݋

σoff
൰

2

2 ൪ ൌ ൥݁െ  
൫1ߛܯ൅ݔ൯2

2 ൩ 

             (4-118) 
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The diagrams of the functions 2ܳ ቀቚܯఊభ݄ ൅ ݊݋݊

σoff
ቚቁ and ൦݁െ  

൬1݄ߛܯ൅݊݊݋
σoff

൰
2

2 ൪ with 

ଵߛܯ ൌ 1 ሺߛ ൌ ଵߛܯ ሻandܤ0݀ ൌ 6 ሺߛ ൌ  .ሻ are shown in Fig. 4.7 and Figܤ7.7815݀

4.8, respectively.   

 

Figure 4.7  Plot of the functions in Eq. (4-117) and Eq. (4-118) with ߛܯଵ ൌ 1 

 

Figure 4.8  Plot of the functions in Eq. (4-117) and Eq. (4-118) with ߛܯଵ ൌ 6 

where ݔ ൌ ௡೚೙
஢౥౜౜

 and ݂ሺݔሻ ൌ 2ܳ൫หܯఊభ݄ ൅   ቈ݁ି ݎ݋  ห൯ݔ
൫ಾംభ೓శೣ൯

మ

మ ቉  . At ߛܯଵ ൌ 1 and the 

signal to noise ratio around 0dB, the calculation error using the inequality in Eq. (4-
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117) is about 0.3. As the variant ߛܯଵ changes, the calculation error changes as shown 

in Fig. 4.7 and Fig. 4.8. The Chernov bound provides an upper bound on the error 

probability and makes the calculation simpler. 

The error of Gauss Chebyshev numerical integration is [4] 

஼ሺீܧ ீܰሻ ൌ గ
ሺଶேಸሻ!ଶరಿಸశభ ݂ሺଶேಸሻሺݔሻ            0 ൏ ݔ ൏ 1         (4-119) 

The function ݂ሺݔሻ for the Eq. (4-89a) is 

݃ሺݔሻ ൌ ݊݅ݏ ቆܭௗට
ݔܿ

1 െ ቇݔ
1

ඥ݇௟
஽ܨ ቆ

1
2ඥ݇௟

ට
ݔܿ

1 െ ቇݔ
√ܿ

ሺ1ݔ2 െ ሻݔ       0 ൑ ݔ ൑ 1 

(4-120) 

The diagram of ݃ሺݔሻ in Eq. (4-120) as 0 ൑ ݔ ൑ 1 and ݔ increases is shown in Fig. 4.9  

  

Figure 4.9  Plot of ݃ሺݔሻ in Eq. (4-120) 

In Fig. 4.9, as x reaches near to 1, the diagram of Eq. (4-120) becomes highly 

oscillatory and does not converge. The derivative of ݃ሺݔሻ is the slope of the curve. If 

ீܰ ൌ 20, the value of గ
ሺଶேಸሻ!ଶ൫రಿಸశభ൯ part in Eq. (4-119) is  1.5925 ൈ 10ି଻ଶ . It is 

difficult to obtain the value of Eq. (4-120). Thus it is difficult to calculate the value or 
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the upper bound of the error value in Eq. (4-119), but the error value can be small if 

ீܰ is larger.  
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CHAPTER      5 

SYSTEM MODEL AND ANALYTICAL RESULTS 

 

5.1  MIMO FSO System Model and Results 

According to average error probability calculations in Chapter 4, the system 

performance has been obtained from the given SEP and BEP equations. In this 

chapter, the model used for the analysis is designed and the parameters are set as 

shown in Table 5-1.  

 

5.1.1  Model Used for Analysis 

The structure of a MIMO FSO system is shown in Fig. 3.1 and Fig. 3.3 and a detailed 

description and analysis were presented in Chapter 3 and Chapter 4. At the receivers, 

௥ܰ receiving branches are included and each branch includes the InGaAs APD, GaAs 

MESFET amplifier, matched filter and equalizer, sampling circuit and decision 

detector, etc. All these components are suitable for practical multi-gigabit-per-second 

(multi-Gb/s) short range (up to 2~3 km) links in MIMO FSO systems. Typical values 

of the parameters generally used in optical devices are given in Table 5-1. Analytical 

results of the average error probabilities for MIMO FSO systems are presented in this 

section, emphasizing the role of parameters such as ௧ܰ, ௥ܰ, ܮ ,ܣ ,ܯ and  ߪℓ, etc.  

Lognormal fading channels describe FSO communication under weak 

turbulence, which are the most common working conditions for FSO. By noting that 

ۄℓ݁ۃ ൌ ۃ ூ
ۄூۃ

ۄ ൌ 1 and Eq. (3-25a), the mean of the log intensity ℓ is equal to െ σℓమ

ଶ
, i.e. 

mℓ ൌ െ σℓమ

ଶ
, and the average optical field amplitude is neither attenuated nor 

amplified. The research and analysis in this dissertation focus on the lognormal fading 



128 

 

channel. At the receivers, InGaAs APD working at 1550nm wavelength is employed 

and GaAs MESFETs are used as the preamplifier and main amplifier working in the 

linear region of their characteristics. During the transmission in free space, laser 

beams are scattered and bent along the paths and the PPM pulses suffer attenuation 

and dispersion. The parameter γୱ representes the percentage of the energy that is kept 

in the 1 pulse slot. In practice, the sampling time of the optical receiver fluctuates 

from bit to bit due to the nature of the noise in the input to the clock-recovery circuit. 

Such fluctuations are called timing jitter and this can also cause the pulse energy to 

fall out of the 1 pulse slot. The matched filter and equalizer are used in the receivers. 

EGC with envelope detection and maximum likelihood detection are implemented in 

the decision parts. It is assumed that the lasers operate on a peak-power constraint and 

the total transmitting power for one 1 pulse by the laser array is constrained as ܧ௦. 

Thus the performance of SISO and MIMO systems can be easily compared. The 

Fourier series for the SEP and BEP calculation is mainly used in the calculation and 

analysis. 

   

5.1.2  Parameters of MIMO FSO Systems 

The parameters used in the analysis of this chapter are set according to Table 5-1, 

unless otherwise specified. The parameters for the InGaAs APD are set as the values 

of the generic operating parameters given in Ref [1, pp267, Table 6-1]. The 

parameters of GaAs MEFETs are set as the typical values given in Ref [1, pp308, 

Table 7-2], Ref [1, pp301, Fig. 7-13] and Ref [1, pp302, Fig. 7-14]. The parameters of 

the free space optical channel are given in Ref [2]. The parameters for the link budget 

are given by Ref [3]. 
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Table 5-1 

Parameters of MIMO FSO systems 

Parameter Value Unit 

௥ܰ 2  

௧ܰ 2  

  4 ܮ

 nm  1550 ߣ

ܶ 293 K 

௡ܥ
ଶ 1 ൈ 10ିଵସ ݉ቀି ଶ

ଷቁ 

  75% ߟ

  40 ܯ

  40 ܣ

 For InGaAs 0.7 ݔ

ܴ௕ 1000 Ω 

௙ܴ 10଺ Ω 

݃௠ 30 ൈ 10ିଷ ݉ܵ 

 ܨ݌ 10 ܥ

1 ܤ ൈ 10ଽ ܾ݅ݏ/ݐ 

௖ܲ 1 ൈ 10ିଶ଴ A 

௕ܲ 3 ൈ 10ିଶ଴ A 

ௗ௕ 50ܫ ൈ 10ିଽ A 

ௗ௦ 2ܫ ൈ 10ିଽ A 

Γୣ  1.1  

௚௔௧௘ 50ܫ ൈ 10ିଽ nA 

γୱ 0.95  
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  ଶ 0.45ܫ

  ଷ 0.0855ܫ

݀௥ 0.075 m 

݀௕ 1 m 

௥ 4.4156ܣ ൈ 10ିଷ 
݉ଶ, ௥ܣ ൌ ߨ ൬

݀௥

2 ൰
ଶ

 

 ௕ 0.785ܣ
݉ଶ, ௕ܣ ൌ ߨ ൬

݀௕

2 ൰
ଶ

 

௦ܸ 2  ݇݉ 

 ݉݇ ௦ 1ܦ

 ݉݇/ܤ݀ ௔_ௗ஻ 3.99ߙ

 ܤ݀ ௧_ௗ஻ 3ߟ

 ܤ݀ ௥_ௗ஻ 3ߟ

 ܤ݀ ௣௧_ௗ஻ 3ߟ

 ܤ݀ ௣௥_ௗ஻ 3ߟ

݄ௗ 0.4  

஽ܰ 11  

 

      

5.2  Results and Analysis of the Average Error Probability 

The system models for the analysis of MIMO FSO system are designed and discussed 

in Chapters 2, 3, 4 and Section 5.1. The components with the corresponding 

probabilistic characteristics in these models are analyzed. Different parameters of 

these components are set in Section 5.2. The analytical results are represented through 

various plots and the results have been discussed in this section in detail. 
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5.2.1  SISO and MIMO Comparison 

In SISO wireless optical communication systems, link performance can be 

seriously impaired by adverse atmospheric conditions. In particular, one important 

atmospheric effect is the attenuation due to scattering and absorption. Another 

important effect is scintillation due to turbulence and the free space channel is 

modeled as the lognormal fading channel. One method to reduce these impacts is to 

use the MIMO technique to transmit the redundant symbols to overcome channel 

fading.   

A detailed calculation of the error probabilities for SISO and MIMO systems has 

been discussed in Chapter 4. The parameter setting is given in Subsection 5.1.2. The 

equation of average SEP and BEP are obtained in Eq. (4-81), Eq. (4-84), Eq. (4-92) 

and Eq. (4-94). Under atmospheric turbulence with  ߪℓ
ଶ ൌ 0.19877, ௡ܥ

ଶ ൌ

10ିଵସ݉ቀି మయቁ  and the pulse dispersion as γୱ ൌ 0.95, the plots of the average SEP 

corresponding to average SNR for SISO and MIMO systems are shown in Fig. 5.1(a) 

and Fig. 5.1(b). The numbers of the transmitting laser and the receiving APDs in the 

MIMO systems are ௧ܰ ൌ 2 and ௥ܰ ൌ 2 and the length of the transmitted PPM symbol 

is ܮ ൌ 2. In the SISO systems, the average SEP of ܮ ൌ 2 PPM symbols is about 0.71 

at ܴܵܰ ൌ  MIMO systems result in lower average SEP and BEP than SISO .ܤ0݀

systems under similar conditions and the same average SNR. Thus MIMO systems 

have a better performance than SISO systems. For different services, like voice, data 

and video, the required BEP of communication links are different. For ܵܲܧ ൌ 10ି଺ 

which is in the range of common working conditions for normal services, the required 
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SNR of MIMO systems is about 23.13dB , which is about 9dB lower than the 

required 32d.01B SNR of SISO systems. 
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(a) 

 

(b) 

Figure 5.1 (a) Average SEP of SISO FSO systems with ܮ ൌ 2 PPM symbols 

 (b) Average SEP of MIMO FSO systems with ܮ ൌ 2 PPM symbols 
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The relationship between the average BEP and the received optical energy is analyzed for 

FSO communication systems. The received optical energy for free space PPM transmission is 

given by 

ሻܬܤ௥ഥሺ݀ܬ ൌ 10log ሺܬ௦ଵ
ܤ
 ሻܮ

(5-1a) 

where ܬ௥ഥሺ݀ܬܤሻ is the received optical energy in dBJ, ܬ௦ଵ is the energy for one 1 pulse in ܤ ,ܬ is 

the data rate and  ܮ is the number of the slots in one Q-ary PPM symbol, ܮ ൌ 2ொ.  

The average BEP corresponding to the received optical power for free space PPM 

transmission is given by 

௥ܲഥ ሺ݀݉ܤሻ ൌ 10log ሺ ௦ܲଵ
ܤ
 ሻܮ

(5-1b) 

where ௥ܲഥ ሺ݀݉ܤሻ is the received optical power in dBm, ௦ܲଵ is the power for one 1 pulse in Watt, 

ܮ ,is the number of the slots in one Q-ary PPM symbol ܮ  is the data rate and ܤ ൌ 2ொ.  

For the parameter values of Table 5-1 and with the bandwidth of ܤ ൌ  the SEPs of ,ݏ/ܾܩ1

SISO and MIMO systems corresponding to the received optical energy are shown in Fig. 5.2(a) 

and Fig. 5.2(b). At average ܵܲܧ ൌ 10ି଺, the received optical energy required for MIMO 

systems is about -153.24dBJ, which is about 6.5dBJ lower than the -147.75dBJ of SISO systems. 

The average SEPs of SISO and MIMO systems corresponding to the received optical power are 

shown in Fig. 5.2(c) and Fig. 5.2(d). At average ܵܲܧ ൌ 10ି଺, the received optical power 

required for MIMO systems is about -33.3dBm, which is lower than -27.75dBm of SISO 

systems. These results show that MIMO can improve the system performance, especially in the 

normal working range of the average  ܵܲܧ ൌ 10ିଷ~10ି଻.  
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(a) 

 

(b) 

Figure 5.2  (a)  Average SEP of SISO FSO systems with ܮ ൌ 2 PPM symbol  

(b)  Average SEP of MIMO FSO systems with ܮ ൌ 2 PPM symbol  
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(c) 

 

(d) 

Figure 5.2  (c)  Average SEP of SISO FSO systems with ܮ ൌ 2 PPM symbol 

          (d)  Average SEP of MIMO FSO systems with ܮ ൌ 2 PPM symbol  
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5.2.2  Optical Device Impact 

(a) Performance Comparison of APDs  

In Chapter 2, the wavelength choice is discussed and 1550nm is considered as the suitable 

wavelength in FSO. There are different types of commercial lasers available at 1550 nm 

wavelength. For photodetectors, there are three widely used materials, silicon (Si), germanium 

(Ge) and indium gallium arsenide (InGaAs). For short distance applications, Si devices operating 

around 850nm provide relatively inexpensive solutions for most links and longer links usually 

require operation in the 1300nm and 1550nm [10]. Ge APDs and InGaAs APDs both work at 

1550nm and can be considered for a multi-gigabit-per-second (multi-Gb/s) bandwidth. The 

generic operating parameters of commercial Si, Ge and InGaAs avalanche photodiodes are given 

in Ref [1, pp267, Table 6-1]. For Ge APDs, the product of APD gain and bandwidth, i.e. ܯ ൈ  ,ܤ

is fixed in the range of 20~40 ݖܪܩ. As the avalanche gain ܯ of Ge APDs is in the range of 

50~200, there is a tradeoff between the APD gain and the bandwidth of Ge APDs. PD-LD, Inc. 

provides one Ge APD “PDGAJ1001FCA-0-0-01” working at 1550nm with 1.5GHz bandwidth 

[5]. But the APD gain is not provided in the data sheet. Hamamatsu, Inc. provides one InGaAs 

APD “G8931-04” working at 1550nm with 2.5GHz bandwidth and the cutoff bandwidth of 

3GHz at ܯ ൌ 10 [6]. For the multi-gigabit-per-second (multi-Gb/s) bandwidth FSO systems, the 

InGaAs APD is the preferred choice in the receivers. The generic operating parameters of Ge and 

InGaAs APDs are given in the reference [1] and are shown in Table 5-2. According to the 

parameters provided by the reference [1] and the data sheets of the APD products online, the 

values of the parameter used in the analysis are shown in Table 5-2. 
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Table 5-2 

Generic operating parameters of Ge and InGaAs APDs 

Parameter  Symbol Unit 
Ge InGaAs  

range value range value 

Wavelength  

range 
 ߣ

  

nm 
800~1650 1550 1100~1700 1550 

Responsivity ࣬ A/W 0.4~0.5 0.5 0.75~0.95 0.95 

Avalanche gain 40 40~10 70 200~50 _ ܯ 

Dark current ܫ஽ nA 50~500 500 10~50 50 

Rise time  ߬௥  ns 0.5~0.8 0.5 0.1~0.5 0.5 

Gain*Bandwidth ܯ ·  GHz 2~10 10  20~250 40 ܤ

Bandwidth ܤ GHz  0.143  1 

Bias voltage ஻ܸ V 20~40 40 20~30 30 

Parameter ݔ in the 

excess noise factor 

ܨ ൌ  ௫ܯ

  1.0 1.0 0.7 0.7 

 

Ge APD has lower responsivity ࣬, bigger dark current ܫ஽ and lower bandwidth ܤ 

compared to the InGaAs APD. But the APD gain ܯ of Ge APDs can be much higher than 

InGaAs APDs. The average BEP curves corresponding to the received optical energy for the Ge 

APD and the InGaAs APD are shown in Fig. 5.3(a). The parameter values are set according to 

Table 5-2. In Fig. 5.3(a), it is evident that the Ge APD required more received optical energy 

than that of the InGaAs APD for the specified average BEP. This can limit the distance that Ge 
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APD system can transmit. Thus the InGaAs APD is the normal choice for the multi-gigabit-per-

second (multi-Gb/s) bandwidth FSO systems. 

 

 

Figure 5.3(a) Average BEP of Ge APDs and the InGaAs APDs 

 

Figure 5.3(b) Average BEP of InGaAs APDs with the different responsivity 
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The average BEP curves of the InGaAs APD with different responsivity corresponding to the 

received optical power are shown in Fig. 5.3(b). It is clear that at the specified BEP, as the 

responsivity increases, the required received optical power becomes lower. 

 

(b) APD Gain Impact 

     The APD gain ܯ plays an important role in the calculation of the average SEP and BEP in 

Eq. (4-81) and Eq. (4-84). First, ܯ has an impact on the excess noise factor of APDs as ܨ ൌ  ௫ܯ

଴ܭ is in the ܨ .[1]
′ function in Eq. (4-82a) and ܭ଴

′ can be represented as  

଴ܭ
ᇱ ൌ ௫ே೟ேೝିଵܯ ୭୤୤ߪ

ܣߨ2√
ቆ

݁ ௠ℓ

ݍඥ ߨ
ቇ

ே೟ேೝ

൬
ߙ௥ܣ ௦ܧ࣬

௧ܰܣ௕
൰

ቀே೟ேೝ
ଶ  ିଵቁ

 

ൌ ଼.ଵܯ ୭୤୤ߪ

ܣߨ2√
ቆ

݁ ௠ℓ

ݍඥ ߨ
ቇ

ே೟ேೝ

൬
ߙ௥ܣ ௦ܧ࣬

௧ܰܣ௕
൰

ቀே೟ேೝ
ଶ  ିଵቁ

 

(5-2) 

where ݔ ൌ 0.7 for InGaAs APDs, ௧ܰ ൌ 2, ௥ܰ ൌ 2 for MIMO ,  

offߪ
2 ൌ ௥ܰ

ଶܤ ଶܣ ൜൤2
௢௡ܾݍߟ

ߥ݄ ௕ܶ
ሺ1 െ ܨଶܯ௦ሻߛ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯଶܨ ൅ 2ሺܫௗ௕ܯଶܨ ൅ ௗ௦ሻ൨ܫ ܤଶܫݍ ൅ ଶܤଶݍ

்ܹ௓ൠ 

(5-3) 

As ܯ increases and ܯ ൒ ଴ܭ ୭୤୤ becomes larger and thusߪ ,1
′ also increases. ܨ also appeares in 

the function ܭ௙ in Eq. (4-82g). As the excess noise factor ܨ increases, the exponential part of ܭ௙ 

increases and the factional part of ܭ௙ decreases. Thus, the trend of ܭ௙ is uncertain. ܯ also 

impacts σ୭୬
ଶ and σ୭୤୤

ଶ in Eq. (3-50a) and Eq. (3-50b) . As the APD gain ܯ increases, the noise 

variances σ୭୬
ଶ and σ୭୤୤

ଶ  increase. ݇௟ in Eq. (4-82b) can be represented as  
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݇௟ ൌ
݇ሺܧ௦࣬݃ܣሻଶ 

2 ௧ܰ
ଶ ቆ݇ߪ୭୬

ଶ ൅ ୭୤୤ߪ
ଶ

ଶܯ ቇ
 

(5-4a) 

where 

୭୬ߪ݇
ଶ ൅ ୭୤୤ߪ

ଶ

ଶܯ  

ൌ
݇ ௥ܰ

ଶܤ ଶܣ ቊ൤2
௢௡ܾݍߟ

ߥ݄ ௕ܶ
௫ܯ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯ௫ ൅ 2ሺܫௗ௕ܯ௫ሻ൨ ܤଶܫݍ ൅

ܤଶܫݍௗ௦ܫ2 ൅ ଶܤଶݍ
்ܹ௓

ଶܯ ቋ 

൅ ௥ܰ

ଶܤ ଶܣ ቊ൤2
௢௡ܾݍߟ

ߥ݄ ௕ܶ
ሺ1 െ ௫ܯ௦ሻߛ ൅ 2࣬ሺ ௕ܲ ൅ ௖ܲሻܯ௫ ൅ 2ሺܫௗ௕ܯ௫ሻ൨ ܤଶܫݍ ൅

ܤଶܫݍௗ௦ܫ2 ൅ ଶܤଶݍ
்ܹ௓

ଶܯ ቋ 

(5-4b) 

As ܯ increases and ܯ ൒ 1, the trend of ݇௟ is uncertain and thus ܨ஽ ൬ ௡ఠబ
ଶඥ௞೗

൰ in Eq. (4-82f) is 

uncertain. As the gain ܯ of the InGaAs APD increases from 10 to 40 and the FSO channel is 

under weak turbulence with  ߪℓ
ଶ ൌ 0.19877, the average BEP curves corresponding to the 

average SNR are shown in Fig. 5.4. The different gains ܯ have varied impacts on the average 

BEP curves during normal working condition with ܲܧܤ ൌ 10ିଷ~10ି଻. Thermal noise 

characteristic is represented as 

்ܹ௓ ൌ
1

ܤଶݍ
ቆ2ܫݍ௚௔௧௘ ൅

4݇஻ܶ
ܴ௕

൅
4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ଶܫ ൅ ൬

ܥߨ2
ݍ

൰
ଶ 4݇஻ܶ߁௘

݃௠
ܤଷܫ ൅ ௕ܶ

ଶݍ
4݇஻ܶ

௙ܴ
 ଶܫ

(5-5) 

Thermal noise has no relationship with the APD gain and it is part of the total noise at the 

decision circuit. As the APD gain decreases, more optical power at the APDs is needed in order 

to overcome the noise and to achieve the desired signal level or SNR in the decision circuit. This 
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higher received optical power ௦ܲଵ induces more noise and makes the total noise in Eq. (3-50a) 

and Eq. (3-50b) larger.  

 

Figure 5.4  Average BEP with different APD gains M 

 

(a) 
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(b) 

Figure 5.5 (a)  Average BEP with different ܯ corresponding to PsTb (dBJ) 

(b)  Average BEP with different ܯ corresponding to Ps (dBm) 

     The average BEP curves corresponding to the received optical energy (dBJ) or the received 

optical power (dBm) with different APD gains are shown in Fig. 5.5(a) and Fig. 5.5(b). At 

ܲܧܤ ൌ 10ି଺, the received optical energy under the small APD gain ܯ ൌ 10 is about -

156.15dBJ, which is 0.7dBJ higher than the -156.85dBJ receiver energy at ܯ ൌ 40. At ܲܧܤ ൌ

10ି଺, the received optical power for small APD gain ܯ ൌ 10 is about -36.18dBm, which is 

more than the -36.91dBm receiver power for ܯ ൌ 40.  

     To determine the impact of gain under different turbulence, a plot of average BEP 

corresponding to the APD gain is shown in Fig. 5.6. The degree of the turbulence is represented 

by variance  ߪℓ
ଶ of the log intensity. As the turbulence increases, the BEP becomes larger but the 

change of BEP is not exactly proportional to that of ߪℓ
ଶ. At around the fixed receiver optical 

energy -157.74dBJ, ܲܧܤ ൌ 10ିହ and with turbulence and dispersion, the average BEP of the 
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APD gains ܯ at around 40 is smaller than those of the other gains. 

 

Figure 5.6  Average BEP with different APD gains ܯ and different turbulence  

 

 

5.2.3  Electrical Device Impact 

(a) Amplifier Impact 

It is assumed that the amplifiers in the optical receiver work in the linear range and 

provide a gain A. The input signal is amplified by A times and it also adds the noise to the signal. 

The noise added by the amplifier is included in the total noise equations of Eq. (3-50a) and Eq. 

(3-50b). The amplifier gain ܣ has impacts on the ܭ଴
ᇱ in Eq. (4-82a), ݇௟ in Eq. (4-82b) and 

஽ܨ ൬ ݊߱0

ଶඥ௞೗
൰ in Eq. (4-82f). The signal to noise ratio after the post-detection EGC with the envelop 

detection at the decision circuit is given in Eq. (3-54) as 

SNR ൌ
N୰ሺ࣬PୱMሻଶ

ቊ൤2 ηqb୭୬
hߥTୠ

MଶF ൅ 2࣬ሺPୠ ൅ PୡሻMଶF ൅ 2ሺIୢୠMଶF ൅ Iୢୱሻ൨ qIଶB ൅ ቆ2qI୥ୟ୲ୣ ൅ 4kBT
Rୠ

൅ 4kBTΓୣ
g୫ ڄ Rୠ

ଶቇ IଶB ൅ ሺ2πCሻଶ 4kBTΓୣ
g୫

IଷBଷ ൅ 4kBT
R୤

IଶBቋ
 

(5-6) 
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The SNR of the input signal in the amplifier is similar to the SNR of the output signal. The 

amplifier gain ܣ does not impact the SNR shown in Eq. (5-6). The plots of the average SEP with 

different amplifier gains are shown in Fig. 5-7. As the amplifier gain increases, the curves with 

the different amplifier gains overlap. Since the amplifiers amplify the noise as well as the 

signals, the increase of the amplifier gain does not improve the system performance. At the same 

time, the noise added by the amplifiers is small and the variation in the noise due to the increase 

in the amplifier gain is small. The change of the amplifier gain ܣ in the electrical part does not 

impact the average BEP performance. 

 

Figure 5.7  Average BEP with the different amplifier gains 

(b) Temperature Impact 

In optical wireless communication, the receiver should be able to operate over a wide 

temperature range, for example െ40~85଴ܥ. In the noise variances of Eq. (3-50a) and Eq. (3-

50b), the temperature ܶ is included in the numerator of the thermal noise part. Thus ܶ influences 

the noise of the receivers and the system performance. In the average bit error probability of Eq. 
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(4-81), the temperature ܶ impacts the noise variances ߪ୭୬
ଶ  and ߪ୭୤୤

ଶ in the factor ܭ଴
′ in Eq. (4-

82a) and the ݇௟ of the Dawson’s integral in Eq. (4-82b) and Eq. (4-82f). As the temperature ܶ 

increases, the noise variances ߪ୭୬
ଶ and ߪ୭୤୤

ଶ  increase. On the other hand, the gain mechanism of 

an ADP is very temperature-sensitive at higher bias voltage, where small changes in temperature 

can cause large variation in gain [1]. A compensation circuit is usually incorporated in the 

receiver and it adjusts the applied bias voltage on the photodetector when temperature changes 

[1]. Thus the impact of the temperature can be reduced and becomes negligible. In this section, it 

is assumed that the temperature impact on APD gain using the compensation circuit is negligible 

and the temperature impact on the thermal noise is mainly considered in this dissertation. Under 

different temperatures 243ܭ333~ܭ and as the ܲܧܤ is around 10ିହ, the curves corresponding to 

the different APD gains are shown in Fig. 5.8. As the temperature increases, the BEP increases. 

This is because the noise variances in Eq. (3-50a) and Eq. (3-50b) increase as the temperature 

increases and the increased noise power makes the BEP larger.   

The curves under different temperatures 70ܭ400~ܭ corresponding to different APD 

gains are shown in Fig. 5.9. The received optical power in Fig. 5.9 is about -157.74 dBJ at 

ܲܧܤ ൌ 10ିହ. From Fig. 5.8 and Fig. 5.9, as the temperature T increases, the average ܲܧܤ 

increases and the system performance deteriorates.  
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Figure 5.8  Average  BEP under the different temperatures at ௦ܲ ௕ܶ ൌ െ157.74 ݀ܬܤ  

 

Figure 5.9  Average BEP under the different temperatures at ௦ܲ ௕ܶ ൌ െ157.74 ݀ܬܤ  
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(c) Average BER Comparison of Systems with the different ઻۷ ,ܛ૛ and ۷૜ 

In order to consider the clear sky condition and bad weather condition completely, the added 

noise and pulse dispersion of the PPM symbols are considered and analyzed in Section 3.2.3. 

The parameters, associated with the pulse dispersion and the added noise, are included in the 

noise variances of Eq. (3-50a) and Eq. (3-50b). The parameters, γୱ, Iଶ and Iଷ , which are related 

to the bias circuit, the amplifier and equalizer and impact the sensitivity of the receivers, are 

discussed in Ref [1] in detail. The values of the parameters are given in Ref [1, pp308, Table 7-

2], Ref [1, pp301, Fig. 7-13] and Ref [1, pp302, Fig. 7-14]. The average BEP curves for different 

dispersions are shown in Fig. 5.10 and the related parameters are set in Table 5-3. As the energy 

fraction γୱ in one 1 pulse slot decreases, more received optical power is required. 

Table 5-3     

 Values of the parameters γୱ, Iଶ and Iଷ for MIMO FSO systems  

 

Parameter Value  Value Value  Value  

γୱ 1 0.95 0.9 0.85 

 ଶ 0.375 0.45 0.57 0.65ܫ

 ଷ 0.03001 0.0855 0.0905 0.13ܫ

α 0 0.25 0.3 0.35 
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Figure 5.10  Average BEP of MIMO FSO systems with the different γୱ, Iଶ and Iଷ 

(d) Bias Resistance Impact 

The noise in the optical receiver is discussed in Section 3.2.3 of Chapter 3 and the noise 

variances are given in Eq. (3-50a) and Eq. (3-50b). In practice, typical FET amplifiers have very 

large input resistance ܴ௔ , ususally greater than 10଺Ω [1]. For the transimpedance amplifier, the 

feedback resistance ௙ܴ is much greater than the amplifer input resistance ܴ௔ [1]. In the 

equivalent circuit of a typical optical receiver in Ref [1, pp279, Fig. 7-4], the parallel 

combination of ܴ௔ and ܴ௕ reduces to the value of the detector bias resistor ܴ௕ [1]. The detector 

bias resistor ܴ௕ impacts the thermal characteristics, and thus impacts the thermal noise in the 

optical receiver. As the detector bias resistor ܴ௕ increases, the thermal characteristic decreases 

and the noise variances ߪ୭୬
ଶ  and ߪ୭୤୤

ଶ  decrease. The thermal noise characteristic is represented 

as 

்ܹ௓ ൌ
1

ܤଶݍ
ቆ2ܫݍ௚௔௧௘ ൅

4݇஻ܶ
ܴ௕

൅
4݇஻ܶ߁௘

݃௠ ڄ ܴ௕
ଶቇ ଶܫ ൅ ൬

ܥߨ2
ݍ

൰
ଶ 4݇஻ܶ߁௘

݃௠
ܤଷܫ ൅ ௕ܶ

ଶݍ
4݇஻ܶ

௙ܴ
 ଶܫ

(5-7) 
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The average BEP curves with different detector bias resistances ܴ௕ are shown in Fig. 5.11. The 

change in the noise variances due to changes in ܴ௕ is very small, and thus changes in BEP due to 

changes in ܴ௕ are very small. ܴ௕ impacts the average BEP but the change is very limited. 

 

Figure 5.11  Average BEP with the different bias resistances ܴ௕ 

 

5.2.4  PPM Symbol Length and MIMO Diversity Impact 

For orthogonal PPM signaling with repetition coding, the order of diversity is equal to the 

number of times that a symbol is repeated in the block orthogonal coding. The length of PPM 

symbols ܮ impacts the summation terms in Eq. (4-81). The numbers of the transmitting lasers 

and the receiving APDs, ௧ܰ and ௥ܰ, have impact on the summation terms, ܭ଴
ᇱ in Eq. (4-82a),  ܭ௙ 

in Eq. (4-82g) and ܭௗ in Eq. (4-82h). The BEP curves of different PPM lengths are plotted as a 

function of SNR per bit in Fig. 5-12(a) and Fig. 5-12(b). It is apparent from these figures that the 

BEP becomes lower and the receiver performance improves as ௧ܰ, ௥ܰ and ܮ ൌ 2ொ increases for a 
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specified SNR. The average BEP decreases and performance increases much more drastically by 

increasing ௧ܰ and ௥ܰ compared to a corresponding increase in ܮ.  

 

(a) 

 

(b) 

Figure 5.12 (a) Average BEP with the different L and different ௧ܰ and ௥ܰ for SISO 

(b) Average BEP with the different L and different ௧ܰ and ௥ܰ for MIMO 
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5.2.5  Turbulence Impact 

Atmospheric turbulence has a large impact on the system performance, especially on the average 

BEP. The atmospheric impact of the FSO channel is analyzed in Section 2.3 and Section 3.2.2. 

Channel fading is modeled as the lognormal distribution of Eq. (3-23) and Eq. (3-24). The 

average error probabilities are calculated in Section 4.1. The equations for the average SEP and 

BEP are given in Eq. (4-81) and Eq. (4-84). The parameters ݉ℓ and σℓଶ are the mean and the 

variance of the log intensity ℓ, respectively. The mean ݉ℓ can be set as െ σℓ
మ

ଶ
 for the normal 

working condition. The variance σℓଶ, which is associated with the scintillation index Ψ in Eq. (3-

27), represents the degree of fading of FSO channels. The σℓଶ has impacts on ܭ଴
ᇱ in Eq. (4-82a) 

and ܭ௙ in Eq. (4-81) is given as 

௙ܭ ൌ ෍ ෍ … ෍ ௨మݓ௨భݓ … ௨ಿ೟ಿೝݓ
௩మݓ௩భݓ … ௩ಿ೟ಿೝݓ

ேೠ

௨ಿ೟ಿೝୀିேೠ
௨ಿ೟ಿೝஷ଴

 
ேೠ

௨మୀିேೠ
௨మஷ଴

ேೠ

௨భୀିேೠ
௨భஷ଴

 

݌ݔ݁ ቂ√2 ߪℓ  ቀݔ௨భ ൅ ௨మݔ ൅ ڮ … ൅ ௨ಿ೟ಿೝݔ
ቁ ൅ ቀݔ௩ଵ ൅ ௩ଶݔ ൅ ڮ ൅ ௩ே೟ேೝݔ

ቁቃ   

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠభ ቃ
ቀି  ଷଶቁ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠమ ቃ
ቀି  ଷଶቁ

… … 

ቂሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠಿ೟ಿೝ ቃ

ቀି  ଷଶቁ
 

ݔ݁ ݌ ൞ ൬െ 
௞ ܭ

2
൰ ൦

ቀݔ௩భ െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠభ ቁ
ଶ

ቂሺܨ െ 1ሻݔ௩భ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠభ ቃ
൅

ቀݔ௩మ െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠమ ቁ
ଶ

ቂሺܨ െ 1ሻݔ௩మ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠమ ቃ
… …

൅  
ቀݔ௩ಿ೟ಿೝ

െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠಿ೟ಿೝ ቁ
ଶ

ቂሺܨ െ 1ሻݔ௩ಿ೟ಿೝ
൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠಿ೟ಿೝ ቃ

൪ൢ 

(5-8) 
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The average BEP curves under weak turbulence with  ߪℓ ൌ 10ିଵ଴,  ߪℓ ൌ ℓߪ  , 0.05 ൌ 0.4458 

and  ߪℓ ൌ 0.8 are shown in Fig. 5.13(a) and Fig. 5.13(b). The curve with  ߪℓ ൌ 10ିଵ଴ , shows the 

performance under very small turbulence. For the specified SNR, as  ߪℓ increases, the average 

BER becomes larger and the system performance deteriorates. The changes in BEP are not 

exactly proportional to changes in the variance  ߪℓ
ଶ.  

 

Figure 5.13   Average BEP with the different variance of the log intensity 
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CHAPTER      6 

CONCLUSION AND FUTURE RESEARCH DIRECTIONS 

 

A comprehensive study of Free Space Optical communication using MIMO techniques 

has been presented. The modulation and wavelength suitable for MIMO FSO systems are 

discussed. The characteristics of FSO channels and the impact of FSO channels on the optical 

signal are analyzed by modeling the optical beams as Gaussian beams. The APD-based receiver 

for MIMO FSO systems under normal working conditions has been designed. At the same time 

the characteristics of its components, such as InGaAs APDs, GaAs MESFET transimpedance 

amplifiers, a matched filter and an equalizer, etc., have been discussed. A probabilistic analysis 

of FSO channel, APDs and noise in the FSO systems has been carried out. The FSO channel 

fading obeys the lognormal distribution while electrons emitted by APDs obey the Webb 

distribution. The noise in the optical receivers obeys a Gaussian distribution. The distributions of 

the received signals and channel gains are analyzed. 

The main contributions in this dissertation are: obtaining the detailed closed-form 

expressions for the upper bounds of the error probabilities, analyzing the impacts of different 

parameters in MIMO FSO systems, and thorough analysis of a more complex model of the 

MIMO FSO system involving Webb distribution for APD-based optical receiver, the 

probabilistic analysis of the detection for PPM signaling and transmitted symbol matrix for 

MIMO FSO equal gain combining systems. 

 Detailed expressions of the closed-form upper bounds for the average symbol error 

probability, average bit error probability and average pairwise probability have been obtained. 

The equations for the error probabilities have been obtained by using Fourier series analysis 
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method in Chapter 4. The modified Gauss-Chebyshev method for calculating average SEP, 

average BEP and average PEP are proposed and corresponding equations have been derived. The 

results for average SEP and average BEP under different parameters are obtained in Chapter 5. 

The impact of the parameters in the MIMO FSO systems is also discussed and plotted. The error 

analysis of the calculations of error probabilities is given in Chapter 5. 

According to the analyses in Chapter 4 and Chapter 5, it is observed that the MIMO 

technique can improve the performance of optical wireless communication systems remarkably. 

For numerical method used in the error probability expressions of the closed-form upper bound, 

if suitable computing parameters are selected, the computation error and the truncation errors can 

be sufficiently small. 

MIMO FSO systems are very complicated systems and still there are several aspects that 

must be investigated further. 

The following areas can be addressed in future research works: 

1. Closed-form expressions or closed-form upper bound expressions of the error 

probabilities for MIMO FSO systems with negative exponential distributed channel 

fading and Gamma-Gamma distributed channel fading. These analyses would provide 

the results for strong and weak/strong turbulences in the air medium, respectively.    

2. Exploring the closed-form expressions or the closed-form upper bound expressions of 

the error probabilities for MIMO FSO systems with the square-law equal gain 

combining. This would improve the performance results of the system, 

3. Design of the STBC schemes suitable for MIMO FSO systems using PPM, which 

would reduce the error probability and improve the system performance. At the same 
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time comparison among various proposed STBC schemes would help in the selection 

of the most suitable one. 

4. Lognormal channel estimation using Kalman filtering for improved channel gain 

estimation and accurate demodulation.  
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APPENDIX  A 

This is the derivation for Eq. (3-22). 

The log intensity ℓ ൌ ݈݊ ቀ ூ
ۄூۃ

ቁ of laser beams obeys Gaussian distribution with the mean ݉ℓ and 

variance ߪℓ
ଶ [13]. According to Eq. (4-8), Eq. (4-9), Eq. (4-18) and ௥ܲ௜௟ ௕ܶ ൌ  ௦௜௟ , theߣ ߥ݄

intensity of a Gaussian beam in the ݈݅th path is  

ܫ ൌ ଴݁ܫ
ିଶ௥మ

ఠమሺ௭ሻ  ൌ  
2 ௧ܲ௜௟

ሻݖଶሺ߱ߨ ݁
ିଶ௥మ

ఠమሺ௭ሻ ൌ
௕ܣ ௥ܲ௜௟

ߙ௥ܣሻݖଶሺ߱ߨ ݁
ିଶ௥మ

ఠమሺ௭ሻ ൌ
௦௜௟ߣ ߥ௕݄ܣ

ߙ௥ܣሻݖଶሺ߱ߨ ௕ܶ
݁

ିଶ௥మ

ఠమሺ௭ሻ 

The mean values of ܫ, ௥ܲ௜௟, ߣ௦௜௟ are  

ۄܫۃ ൌ
ۃ2 ௧ܲ௜௟ۄ

ሻݖଶሺ߱ߨ ݁
ିଶ௥మ

ఠమሺ௭ሻ  ൌ
ۃ௕ܣ ௥ܲ௜௟ۄ

ߙ௥ܣሻݖଶሺ߱ߨ ݁
ିଶ௥మ

ఠమሺ௭ሻ ൌ
ۄ௦௜௟ߣۃ ߥ௕݄ܣ

ߙ௥ܣሻݖଶሺ߱ߨ ௕ܶ
݁

ିଶ௥మ

ఠమሺ௭ሻ 

Then the following ratios exist 

ܫ
ۄܫۃ ൌ ௥ܲ௜௟

ۃ ௥ܲ௜௟ۄ
ൌ

௦௜௟௟ߣ
 ۄ௦௜௟ߣۃ

Where ߣۃ௦௜௟ۄ ൌ  ௦ప௟തതതതߣ

The log intensity ℓ is  

݈݊ ൬
ܫ

൰ۄܫۃ ൌ ݈݊ ൬ ௥ܲ௜௟
ۃ ௥ܲ௜௟ۄ൰ ൌ ݈݊ ቆ

௦௜௟ߣ

  ௦పఫതതതതതߣ  
ቇ ൌ ݈݊ሺߣ௦௜௟ሻ െ ݈݊൫ߣ௦పఫതതതതത൯ 

 

APPENDIX  B 

This is the derivation for Eq. (3-24). 

The log intensity ℓ ൌ ݈݊ ቀ ఒೞ೔೗
  ఒೞഢ೗തതതതത  

ቁ of laser beams obeys Gaussian distribution with the mean ݉ℓ 

and variance ߪℓ
ଶ [13]. 

ℓሺℓሻ݌ ൌ
1

ඥ2ߪߨℓଶ
݁

ିሺℓି௠ℓሻమ

ଶఙℓమ  
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The probability density function of ߣ௦௜௟ is  

ఒೞ೔೗݌
ሺߣ௦௜௟ሻ ൌ ℓሺℓሻ|ℓୀ୪୬ ൬݌ ఒೞ೔೗

  ఒೞഢ೗തതതതത  
൰

݀ℓ
௦௜௟ߣ݀
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ඥ2ߨ ڄ ℓଶߪ
݌ݔ݁

ە
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۔
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ۓ

െ  
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ଶ

ℓଶߪ2
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ଶ

ℓଶߪ2 ൡ
  

 

The mean of ߣ௦௜௟ is  
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ൌ ௦ప௟തതതത݁௠ℓାߣ
ఙℓమ

ଶ  

The second moment of ߣ௦௜௝ is 
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APPENDIX  C 

This is the derivation for Eq. (3-43). 
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ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ

ܨܯ௦ ௜௟ߣ ߟ
቉

ି   ଷଶ
 

ൌ
ߟ

2π σℓܨ √ܯ 
൤ ߣ ߟ௦ ௜௟ ൅

݉௦ ௜௟ሺܨ െ 1ሻ െ ܨܯ௦ ௜௟ߣ ߟ ൅ ܯ௦ ௜௟ߣ ߟ
ܨܯ

൨
ି   ଷଶ

 

ൌ
ߟ

2π σℓܨ √ܯ 
൤
ܨܯ௦ ௜௟ߣ ߟ  െ ܨܯ௦ ௜௟ߣ ߟ ൅ ݉௦ ௜௟ሺܨ െ 1ሻ ൅ ܯ௦ ௜௟ߣ ߟ

ܨܯ
൨

ି   ଷଶ
 

ൌ
ܨߟ

2π σℓܯሺܨሻ
ଷ
ଶ 

൤
݉௦ ௜௟ሺܨ െ 1ሻ ൅ ܯ௦ ௜௟ߣ ߟ

ܨܯ
൨

ି   ଷଶ
 

ൌ
ܨߟ

2π σℓܯ 
൤
݉௦ ௜௟ሺܨ െ 1ሻ ൅ ܯ௦ ௜௟ߣ ߟ

ܯ
൨

ି   ଷଶ
 

ൌ
ܨߟ

2π σℓܯ 
൤ߣ ߟ௦ ௜௟ ൅

݉௦ ௜௟ሺܨ െ 1ሻ
ܯ

൨
ି   ଷଶ

 

 

ܨଶܯ௦ ௜௟ߣ ߟ2 ቊ1 ൅
ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ

ܨܯ௦ ௜௟ߣ ߟ
ቋ 

ൌ ܨଶܯ2 ቊߣ ߟ௦ ௜௟ ൅
ሺ݉௦ ௜௟ െ ܨሻሺܯ௦ ௜௟ߣ ߟ െ 1ሻ

ܨܯ
ቋ 

ൌ ܨଶܯ2 ቊ
ܨܯ௦ ௜௟ߣ ߟ ൅ ݉௦ ௜௟ሺܨ െ 1ሻ െ ܨܯ௦ ௜௟ߣ ߟ ൅ ܯ௦ ௜௟ߣ ߟ

ܨܯ
ቋ 
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ൌ ܨଶܯ2 ቊ
݉௦ ௜௟ሺܨ െ 1ሻ ൅ ܯ௦ ௜௟ߣ ߟ

ܨܯ
ቋ 

ൌ ௦ ௜௟ߣ ߟଶܯ2 ൅ ܨ௦ ௜௟ሺ݉ܯ2 െ 1ሻ 

 

APPENDIX  D 

This is the derivation of Eq. (4-19). 

The integral of ׬ ௡౥౜౜ሺ݊୭୤୤ሻ݌   ڄ ݀݊୭୤୤
ାஶ

ಶೞ࣬ಾಲ೒
ಿ೟

௛ା௡೚೙
 is a function of ݊௢௡ and its value can be 

represented as  

݃ሺ݊௢௡ሻ ൌ න ௡౥౜౜ሺ݊୭୤୤ሻ݌   ڄ ݀݊୭୤୤

ାஶ

ாೞ࣬ெ஺௚
ே೟

௛ା௡೚೙

 

ൌ න
1

ඥ2ߪߨ୭୤୤
ଶ

ڄ ݁
ି ௡౥౜౜

మ

ଶఙ౥౜౜మ ڄ ݀݊୭୤୤

ାஶ

ாೞ࣬ெ஺௚
ே೟

௛ା௡೚೙

 

ൌ න
1

ߨ2√
ڄ ݁ି 

൬௡౥౜౜
 ఙ౥౜౜

൰
మ

ଶ ڄ ݀ ൬
݊୭୤୤

୭୤୤ߪ 
൰

ାஶ

ாೞ࣬ெ஺௚
ே೟ ఙ౥౜౜

௛ା ௡೚೙
 ఙ౥౜౜

 

In the above equation, the variable substitution ݐ ൌ ௡౥౜౜
 ఙ౥౜౜

 is made resulting in  

݃ሺݎଵሻ ൌ
1

ߨ2√
න ݁ି ሺ௧ሻమ

ଶ ڄ ݀ሺݐሻ
ାஶ

ாೞ࣬ெ஺௚
ே೟ ఙ౥౜౜

௛ା ௡೚೙
 ఙ౥౜౜

 

ൌ ܳ ቀாೞ࣬ெ஺௚
ே೟ ఙ౥౜౜

݄ ൅ ௡೚೙
 ఙ౥౜౜

ቁ                           where ݎଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊௢௡ 

ൌ ܳ ቀ ௥భ
஢౥౜౜

ቁ                                                        
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APPENDIX  E 

This is the derivation for Eq. (4-19). 

Letting ݎଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊௢௡in Eq. (4-19), the integral ׬ ൜1 െ ቂ1 െ ܳ ቀ ௥భ
σ౥౜౜

ቁቃ
ሺ௅ିଵሻ

ൠ ∞ڄ
ିஶ ௡౥౤݌

ሺݎଵ െ

௦ሻݐ ڄ -௦ሻ is the following part in Eq. (4ݐ௦ and we assume that the function ݂ሺݐ ଵ is a function ofݎ݀

19)   

݂ሺݐ௦ሻ ൌ න ቊ1 െ ൤1 െ ܳ ൬
ଵݎ

σ୭୤୤
൰൨

ሺ௅ିଵሻ
ቋ

∞

ିஶ
ڄ ௡౥౤݌

ሺݎଵ െ ௦ሻݐ ڄ  ଵݎ݀

Hence 

௦ܲሺܧሻ ൌ න ݂ሺݐ௦ሻ
∞

ିஶ
ڄ ௧ೞ݌

ሺݐ௦ሻ ڄ  ௦ݐ݀

By using the variable substitution ݐ௦ ൌ ݇௧݄ ሺ0 ൑ ௦ݐ ൑ ∞, 0 ൑ ݄ ൑ ∞ሻ, ݇௧ ൌ ாೞ࣬ெ஺௚
ே೟

, ݄ ൌ ௧ೞ
௞೟

 and 

௧ೞ݌  
ሺݐ௦ሻ ൌ ଵ

௞೟
ڄ  ௛ሺ݄ሻ, it can be obtained݌

݂ሺݐ௦ሻ ڄ ௧ೞ݌
ሺݐ௦ሻ ڄ ௦ݐ݀ ൌ ൣ݂ሺݐ௦ሻ ڄ ௧ೞ݌

ሺݐ௦ሻ ڄ ௦൧ݐ݀
|௧ೞୀ௞೟௛

 

               ൌ ݂ሺ݇௧݄ሻ ڄ ௧ೞ݌
ሺ݇௧݄ሻ ڄ ݀ሺ݇௧݄ሻ 

               ൌ ݂ሺ݇௧݄ሻ ڄ ଵ
௞೟

ڄ ௛݌ ቀ௞೟௛
௞೟

ቁ ڄ ݇௧ ڄ ݄݀ 

ൌ ݂ሺ݇௧݄ሻ ڄ ௛ሺ݄ሻ݌ ڄ ݄݀ 

For the optical wireless communication, the channel gain ݄ is nonnegative and 0 ൑ ௦ݐ ൑ ∞, 0 ൑

݄ ൑ ∞. In the Eq. (4-19), using the above equation and the variable substitution ݐ௦ ൌ ݇௧݄, the 

symbol error probability ௦ܲሺܧሻ for one PPM symbol can be obtained as  

௦ܲሺܧሻ ൌ න ቊන ቊ1 െ ൤1 െ ܳ ൬
ଵݎ

୭୤୤ߪ
൰൨

ሺ௅ିଵሻ
ቋ

ஶ

ିஶ
௡౥౤݌

ሺݎଵ െ ݇௧݄ሻ ڄ ଵቋݎ݀
ஶ

଴
ڄ  ௛ሺ݄ሻ݄݀݌

or 
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௦ܲሺܧሻ ൌ න ቊන ቊ1 െ ൤1 െ ܳ ൬
݃ܣܯ௦࣬ܧ

௧ܰߪ୭୤୤
݄ ൅

݊௢௡

୭୤୤ߪ
൰൨

ሺ௅ିଵሻ
ቋ

ஶ

ିஶ
௡౥౤݌

ሺ݊௢௡ሻ݀݊௢௡ቋ
ஶ

଴
 ௛ሺ݄ሻ݄݀݌

where the upper limit and lower limit of the integration are decided by the range of the random 

variables ݎଵ ൌ ாೞ࣬ெ஺௚
ே೟ఙ౥౜౜

݄ ൅ ௡೚೙
ఙ౥౜౜

 and ݄. 

 

APPENDIX  F 

This is the derivation for Eq. (4-21). 

The error probability ௘ܲሺܧሻ of the FSO MIMO systems can be expressed as the error probability 

integral on condition of the signal to noise ratio ߛ for a 1 pulse as   

௘ܲሺܧሻ ൌ න ܲሾߛ | ܧሿ
∞

଴
ڄ ሻߛఊሺ݌ ڄ  ߛ݀

            ൌ න ܲሾ݊ ൏ ݊௧௛ | ߛሿ
∞

଴
ڄ ሻߛఊሺ݌ ڄ  ߛ݀

ൌ න න ,௡|ఊሺ݊݌ ሻ݀݊ߛ
∞

௡೟೓

∞

଴
ڄ ሻߛఊሺ݌ ڄ  ߛ݀

By using the variable substitution of  

ߛ ൌ ݂ሺ݄ሻ 

ሻߛఊሺ݌  ൌ ఊሺ݄ሻ|௛ୀ௙ሺఊሻ݌ · ௗ௛
ௗఊ

  

Hence 

௘ܲሺܧሻ ൌ න න ,௡|ఊሺ݊݌ൣ ሻߛ ڄ ሻ൧|ఊୀ௙ሺ௛ሻߛఊሺ݌

∞

௡೟೓

∞

଴
ڄ ݀݊ ڄ

݄݀
ߛ݀ ڄ  ߛ݀

        ൌ න න ,௡|௙ሺ௛ሻ൫݊݌ൣ ݂ሺ݄ሻ൯ ڄ ఊ൫݂ሺ݄ሻ൯൧݌
∞

௡೟೓

∞

଴
ڄ ݀݊ ڄ ݄݀ 

ൌ න න ,௡|௛ሺ݊݌ ݄ሻ ڄ ݀݊ ڄ ఊሾ݂ሺ݄ሻሿ݌
∞

௡೟೓

∞

଴
ڄ ݄݀ 
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Using the variable substitution ݌௛ሺ݄ሻ ൌ  ఊሾ݂ሺ݄ሻሿ݌

௘ܲሺܧሻ ൌ න ܲሾ݊ ൏ ݊௧௛| ݄ሿ
∞

଴
ڄ ௛ሺ݄ሻ݌ ڄ ݄݀ 

ൌ න ܲሺܧ | ݄ሻ
∞

଴
ڄ ௛ሺ݄ሻ݌ ڄ ݄݀ 

Where ݌௛ሺ݄ሻ ൌ  .ఊሾ݂ሺ݄ሻሿ is a PDF function of the channel gain random variable ݄ for a 1 pulse݌

ܲሺܧ | ݄ሻ is the error probability on the condition of the random variable vector ݄.  

 

APPENDIX  G 

This is the derivation for Eq. (4-23). 

By using the Chernov Bound [12], for the AWGN system ሺ0 ൑ ݔ ൑ ∞ሻ, we can get 

0 ൑ න
1

ߨ2√
݁ି  ௧

మ

ଶ ڄ ݐ݀
ஶ

௫
൑

1
2 ݁ି  ௫

మ

ଶ ൑ 1 

In practice, for the optical receiver under the normally working condition, the unified noise 

powers σ୭୬
ଶ and σ୭୤୤

ଶ are smaller than the unified signal power ቀாೞ࣬ெ஺௚
ே೟

݄ቁ
ଶ
 and ாೞ࣬ெ஺௚

ே೟
݄ ൒

σ୭୬ , ாೞ࣬ெ஺௚
ே೟

݄ ൒ σ୭୤୤ , 0 ൑ ݄ ൑ ∞. The signal to noise ratio is far above 0dB, which means 

ቀாೞ࣬ெ஺௚
ே೟

݄ቁ
ଶ

൒ σ୭୬
ଶ. 

Letting ݎଵ ൌ ாೞ࣬ெ஺௚
ே೟

݄ ൅ ݊௢௡ and the following inequality exists 

ܲ ൤݊ଶ ൑
݃ܣܯܩ௦࣬ܧ

௧ܰ
݄ ൅ ݊ଵฬࡿ૚ ݐ݊݁ݏ, ݊ଵ ൌ ݊௢௡൨ 

൒ න
1

ߨ2√
݁ି  ௡మ

మ

ଶ ڄ ݀݊ଶ

ฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬ

ି ቀฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬቁ
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ൌ න
1

ߨ2√
݁ି  ௡మ

మ

ଶ ڄ ݀݊ଶ

଴

ିቀฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬቁ
൅ න

1
ߨ2√

݁ି  ௡మ
మ

ଶ ڄ ݀݊ଶ

ฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬ

଴
 

ൌ 2 න
1

ߨ2√
݁ି  ௡మ

మ

ଶ ڄ ݀݊ଶ

ฬாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ฬ

଴
 

ൌ 2 ൤
1
2 െ ܳ ൬ฬ

݃ܣܯܩ௦࣬ܧ
௧ܰ

݄ ൅ ݊௢௡ฬ൰൨ 

൒ 2 ൦
1
2 െ

1
2 ݁ି  

ቀாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ቁ
మ

ଶ ൪ 

ൌ 1 െ ݁
ି  

ቀாೞ࣬ீெ஺௚
ே೟

௛ା௡೚೙ቁ
మ

ଶ஢౥౜౜
మ  

 

ൌ 1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚
஢౥౜౜ே೟

௛ା௡೚೙
஢౥౜౜

൰
మ

 

 

In Eq. (4-20), the following Q function inequality equation exists 

1 ൒ 1 െ ܳ ൬
݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
݄ ൅

݊௢௡

σ୭୤୤
൰ ൒ 1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚

஢౥౜౜ே೟
௛ା௡೚೙

஢౥౜౜
൰

మ

൒ 0 

1 ൒ ൤1 െ ܳ ൬
݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
݄ ൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

൒ ቈ1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚
஢౥౜౜ே೟

௛ା௡೚೙
஢౥౜౜

൰
మ

቉
ሺ௅ିଵሻ

൒ 0 

0 ൑ 1 െ ൤1 െ ܳ ൬
݄݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

൑ 1 െ ൥1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚௛
஢౥౜౜ே೟

ା௡೚೙
஢౥౜౜

൰
మ

൩
ሺ௅ିଵሻ

൑ 1 

The PDF of ݌௡౥౤
ሺ݊୭୬ሻ is nonnegative ݌௡౥౤

ሺ݊୭୬ሻ ൒ 0 and the following inequality equation 

exists 
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0 ൑ ൝1 െ ൤1 െ ܳ ൬
݄݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ൡ ௡౥౤݌
ሺ݊୭୬ሻ

൑ ቐ1 െ ቈ1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚
஢౥౜౜ே೟

௛ା௡೚೙
஢౥౜౜

൰
మ

቉
ሺ௅ିଵሻ

ቑ ௡౥౤݌
ሺ݊୭୬ሻ 

If this inequality is integrated on both sides from negative infinity to infinity, this inequality is 

also satisfied as  

0 ൑ න ൝1 െ ൤1 െ ܳ ൬
݄݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ൡ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ ڄ ݀݊୭୬

൑ න ቐ1 െ ቈ1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚
஢౥౜౜ே೟

௛ା௡೚೙
஢౥౜౜

൰
మ

቉
ሺ௅ିଵሻ

ቑ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ ڄ ݀݊୭୬ 

where ݇௧ ൌ ாೞ࣬ெ஺௚
ே೟

 . As the integrand of the above integral is real, ݎଵ is real and the integral in 

Eq. (4-20) is a probability, the integration result is real.  

     In Eq. (3-62), the channel gain  ݄ ௜௟ ൒ 0 is real, the variable  

௫ೠ ܭ ൌ ߟ ாೞଶ஺ೝఈ 
௛ఔ ஺್ ே೟ 

݁ ௠ℓ݁√ଶ ఙℓ ௫ೠ ൒ 0 and ሺிିଵሻ࣬ாೞ ௚
௤ே೟

 ݄ ௜௟ ൅ ௫ೠ ܭ ൒ ௛ ೔೗ ݌ .0
ሺ ݄ ௜௟ሻ is real and 

nonnegative and has a singularity of  ݄ ௜௟ ൌ 0. Since ݄ ൌ ∑ ∑ ݄௜௟
ே೟
௜ୀଵ

ேೝ
௟ୀଵ  ௛ሺ݄ሻ is the convolution݌ , 

of ݌ ௛ ೔೗
ሺ ݄ ௜௟ሻ ሺ0 ൑ ݅ ൑ ௧ܰ, 0 ൑ ݈ ൑ ௥ܰሻ . According to the properties of the convolution of the 

real and nonnegative functions, the PDF ݌௛ሺ݄ሻ is real and nonnegative. The inequality is 

satisfied when the two sides of the above inequality are multiplied by ݌௛ሺ݄ሻ ሺ݌௛ሺ݄ሻ ൒ 0ሻ and 

integrated on both sides as    

0 ൑ ൥න ൝1 െ ൤1 െ ܳ ൬
݄݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ൡ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ ڄ ݀݊୭୬൩  ௛ሺ݄ሻ݌



168 
 

 

൑ ቎න ቐ1 െ ቈ1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚
஢౥౜౜ே೟

௛ା௡೚೙
஢౥౜౜

൰
మ

቉
ሺ௅ିଵሻ

ቑ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ ڄ ݀݊୭୬቏  ௛ሺ݄ሻ݌

Then  

න ൥න ൝1 െ ൤1 െ ܳ ൬
݄݃ܣܯܩ௦࣬ܧ

σ୭୤୤ ௧ܰ
൅

݊௢௡

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ൡ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ ڄ ݀݊୭୬൩
ஶ

଴
ڄ  ௛ሺ݄ሻ݄݀݌

൑ න ቎න ቐ1 െ ቈ1 െ ݁ି  ଵଶ ൬ாೞ࣬ீெ஺௚
஢౥౜౜ே೟

௛ା௡೚೙
஢౥౜౜

൰
మ

቉
ሺ௅ିଵሻ

ቑ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ ڄ ݀݊୭୬቏
ஶ

଴
ڄ  ௛ሺ݄ሻ݄݀݌

The symbol error probability ௦ܲሺܧሻ of this Q-ary PPM in Eq. (4-20) is  

௦ܲሺܧሻ ൌ ௦ܲ|௦భ ൌ 1 െ ௖ܲ   
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APPENDIX  H 

This is the derivation for Eq. (4-26). 

Letting ݇௧ ൌ ாೞ࣬ெ஺௚
ே೟

 , the symbol error probability in Eq. (4-19) is  

௦ܲሺܧሻ ൌ ௦ܲ|௦భ ൌ 1 െ ௖ܲ   

ൌ න ቊන ቊ1 െ ൤1 െ ܳ ൬
݇௧݄ ൅ ݊୭୬

σ୭୤୤
൰൨

ሺ௅ିଵሻ

ቋ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ݀݊୭୬ቋ
ஶ

଴
 ௛ሺ݄ሻ݄݀݌

ൌ න ൞න ൞1 െ ቎1 െ න
1

ߨ2√
݁ି  ௧

మ

ଶ ڄ ݐ݀
ஶ

௞೟௛ା௡౥౤
ఙ౥౜౜

቏

ሺ௅ିଵሻ

ൢ
ஶ

ିஶ
௡౥౤݌

ሺ݊୭୬ሻ݀݊୭୬ൢ
ஶ

଴
 ௛ሺ݄ሻ݄݀݌
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݀
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ଶ ൅ ୭୤୤ߪ
ଶ൯

୭୤୤ߪ୭୬ߪ
݊୭୬

ی

ۊ  ௛ሺ݄ሻ݄݀݌

 

ൌ න ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵ

ඥ2ߪߨ୭୬
ଶ

offߪonߪ

ට൫݇ߪon
2 ൅ offߪ

2൯
݁

  
 

൫݇ߪon
൯2݄ݐ2݇

൫݇ߪon
2൅ߪoff2൯

 െ ݇ߪon
2ሺ݄݇ݐሻ2

on2ߪoff2ߪ2  
௅ିଵ

௞ୀଵ

ஶ

଴
 

න ݁
െ  ۏ

ێ
ێ
ۍ
ට൫݇ߪon

2൅ߪoff2൯ ݊on൅ onߪ݇
݄ݐ2݇

ට൫݇ߪon
2൅ߪoff2൯ے

ۑ
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݀

ۉ

ۇ
ට൫݇ߪon

2 ൅ offߪ
2൯

offߪonߪ
݊on

ی

ۊ
ஶ

ିஶ
 ௛ሺ݄ሻ݄݀݌

where ݇௧ ൌ ாೞ࣬ெ஺௚
ே೟

. Using the variable substitution ൌ ට൫݇ߪ୭୬
ଶ ൅ ୭୤୤ߪ

ଶ൯ ݊୭୬ ൅ ௞ఙ౥౤మ௞೟௛

ට൫௞ఙ౥౤
మାఙ౥౜౜మ൯

 , the 

following integral is 

න ݁
ۏ  ି

ێ
ێ
ۍ
ට൫௞ఙ౥౤

మାఙ౥౜౜మ൯ ௡౥౤ା ௞ఙ౥౤
మ௞೟௛

ට൫௞ఙ౥౤
మାఙ౥౜౜మ൯ے

ۑ
ۑ
ې
మ

 

ଶఙ౥౜౜మఙ౥౤మ  
݀
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ଶ ൅ ୭୤୤ߪ
ଶ൯

୭୤୤ߪ୭୬ߪ
݊୭୬

ی

ۊ ൌ
ஶ

ିஶ
න ݁ି  ௧

మ

ଶ  
ஶ

ିஶ
 ݐ݀

Since the function ଵ
√ଶగ

݁ି  ೟
మ

మ   is the PDF of the Gaussian distribution, its integral from negative 

infinity to infinity equal to 1, i.e. ׬ ଵ
√ଶగ

݁ି  ೟
మ

మ  ஶ
ିஶ ݐ݀ ൌ1. The symbol error probability is obtained 

as  
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APPENDIX  I 

This is the derivation for Eq. (4-50). 

The function ܨ௙ሺ߱ሻ is calculated as  

௙ሺ߱ሻܨ ൌ න ݂ሺ݄ሻ݁ି௝ఠ௛ 
ஶ

଴
݄݀  

ൌ න ݁ି  ௞೗௛ మ݁ି௝ఠ௛  
ஶ

଴
݄݀ 

ൌ න ݁
ି௞೗ ቈ௛మା ௝ఠ௛

௞೗
ାቀ ௝ఠ

ଶ௞೗
ቁ

మ
቉ାሺ௝ఠሻమ

ସ௞೗
ஶ

଴
݄݀ 

ൌ ݁
ሺ௝ఠሻమ

ସ௞೗ න ݁ି௞೗ቀ௛ା ௝ఠ
ଶ௞೗

ቁ
మஶ

଴
݄݀ 
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Letting ݔ ൌ ඥ2݇௟݄ ൅ ௝ఠ
ඥଶ௞೗
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ଶ
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ିఠమ

ସ௞೗ ቈܳ ߨ2√  ቆ 
݆߱

ඥ2݇௟
ቇ቉ 

ൌ ݁
ିఠమ

ସ௞೗ ඨ
ߨ
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where ݇௟ ൌ ௞ሺாೞ࣬ெ஺௚ሻమ 
ଶே೟

మ൫௞ఙ౥౤
మାఙ౥౜౜మ൯

  

 

APPENDIX  J 

This is the derivation for Eq. (4-56a). 

In Eq. (4-55), the numerator part of the variable in the exponential function can be calculated as  

൫ܭ ௞݄ ௜௟ െ ௫ೠ൯ଶ ܭ ൌ ௞ ܭ
ଶ݄ ௜௟

ଶ െ ௫ೠ ܭ௞݄ ௜௟ ܭ2 ൅ ௫ೠ ܭ
ଶ 

ൌ ൛െ2ൣሺܨ െ 1ሻܭ ௞݄ ௜௝ ൅ ௫ೠ൧݄ ௜௟ൟ ܭ ൅ ൫ܭ ݄݇ ݈݅ െ ൯2ݑݔ ܭ ൅ 2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟
ଶ ൅  ௫ೠ݄ ௜௟൧ ܭ

ൌ ൛െ2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧݄ ௜௟ൟ ܭ ൅ ݇ ܭ
2 ቆ݄ ݈݅ െ

ݑݔ ܭ

݇ ܭ
ቇ

2

൅ 2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟
ଶ ൅  ௫ೠ݄ ௜௟൧ ܭ

ൌ ൛െ2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧݄ ௜௟ൟ ܭ ൅ ݇ ܭ
2 ቀ݄ ݈݅ െ ቁݑݔ ℓߪ ℓ݁√2݉ ݁ݍ

2
൅ 2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟

ଶ ൅  ௫ೠ݄ ௜௟൧ ܭ

In Eq. (4-55), the denominator part of the variable in the exponential function can be calculated 

as  
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Then the part in Eq. (4-55) is  

݌ݔ݁ ൝െ 
൫ܭ ௞݄ ௜௟ െ ௫ೠ൯ଶ ܭ

2ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ ܭ
ൡ 

ൌ ݁ି௛ ೔೗ ڄ ቐ݄ ௜௟ ݌ݔ݁ െ
௞ቀ݄ ௜௟ ܭ െ ௠ℓ݁√ଶ ఙℓ ௫ೠቁ ݁ݍ

ଶ

2ൣሺܨ െ 1ሻ݄ ௜௟ ൅ ௠ℓ݁√ଶ ఙℓ ௫ೠ൧ ݁ݍ
ቑ 

Eq. (4-55) can be represented as  

௣೓ܨ
ሺ߱ሻ ൌ ෍  ܯ௞ ܭ௫ೠ ܭ௪ೠܭ

ேೠ

௨ୀିேೠ
௨ஷ଴

න ݁ି௛ ೔೗  
ஶ

଴
ൣሺܨ െ 1ሻܭ ௞݄ ௜௟ ൅ ௫ೠ൧ቀି  ଷଶቁ ܭ

 

ቐ݄ ௜௟ ݌ݔ݁ െ
௞ቀ݄ ௜௟ ܭ െ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠቁ

ଶ

2ൣሺܨ െ 1ሻ݄ ௜௟ ൅ ݁ ௠ℓ݁√ଶ ఙℓ ௫ೠ൧
൅ ݆݄߱ ௜௟ቑ ݄݀ ௜௟ 

 

APPENDIX  K 

This is the derivation for Eq. (4-61). 

Then the characteristic function ܨ௣ሺ߱ሻ of ݌௛ሺ݄ሻ can be represented as  

௣ሺ߱ሻܨ ൌ න ௛ሺ݄ሻ݁௝ఠ௛ ೔೗݌  ݄݀
ஶ

ିஶ
 

ൌ න ௛భభ݌
ሺ݄ଵଵሻ݁௝ఠ௛భభ݄݀ଵଵ

ஶ

ିஶ
න ௛భమ݌

ሺ݄ଵଶሻ݁௝ఠ௛భమ݄݀ଵଶ

ஶ

ିஶ
… … 

න ௛൫݄ே೟ேೝ൯݁௝ఠ௛ಿ೟ಿೝ݌ ݄݀ே೟ேೝ

ஶ

ିஶ
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APPENDIX  L 

This is the derivation for Eq. (4-80). 

By using the Fourier series expression in the reference [6] in Chapter 4, the average symbol error 

probability for one PPM symbol in Eq. (4-80) can be represented as [6] 

௦ܲሺܧሻ ൌ
1
ܶ
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where ߱଴ ൌ ଶగ
்

, Φ௫ሺ߱ሻ is the characteristic function of ௘ܲሺݔሻ and ݔ ൒ 0 , Φ௫ሺ߱ሻ ൌ

׬ ௘ܲሺݔሻ݁௝ఠ௫݀ݔஶ
଴  ሻ with the random variableݔ௫ሺ߱ሻ is the Fourier transform of the function ݂ሺܩ ,

௫ሺ߱ሻܩ ,ݔ ൌ ׬ ݂ሺݔሻ݁ି௝ఠ௫ ݀ݔஶ
଴ ሾ9ሿ.  ௘ܲሺݔሻdenotes the symbol or bit error probability on an 

additive white Gaussian noise channel conditioned by the signal-to-noise ration or the combiner 

output envelope [9]. By using Eq. (4-80) in For the MIMO FSO system, the 

ܴ݈݁ܽሼܩሺ݊߱଴ሻΦ௫ሺ݊߱଴ሻሽ part is 

ܴ݈݁ܽሼܩሺ݊߱଴ሻΦ௫ሺ݊߱଴ሻሽ
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The average symbol error probability for one PPM symbol is  
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The equation of the error probability can be simplified further as  
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௅ିଵܥ

௞ ሺെ1ሻ௞ାଵߪ୭୤୤
ߙ௥ܣ௦ܧ࣬

௧ܰܣ௕ ݇ߨ2√ܣܯ
ቌ

௠ℓ ݁ܨ

ݍඥ ߨ 
ඨ

ߙ௥ܣ ௦ܧ࣬
௧ܰܣ௕

ቍ

ே೟ேೝ௅ିଵ

௞ୀଵ

෍ … ෍ ௙ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩భୀଵ

߱଴ 
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4 ൅ ෍ ቈܿݏ݋ሺܭௗ݊߱଴ሻ ݌ݔ݁ ቈെ 

ሺ݊߱଴ሻଶ
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݊߱଴
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ቇ቉ 

ேಷ

௡ୀଵ
௡ ௢ௗௗ
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ൌ ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵߪ୭୤୤

݇ߨ2√ܣܯ
ቆ

௠ℓ ݁ܨ

ݍඥ ߨ 
ቇ

ே೟ேೝ௅ିଵ

௞ୀଵ

൬
ߙ௥ܣ ௦ܧ࣬

௧ܰܣ௕
൰

ቀே೟ேೝ
ଶ  ିଵቁ

෍ … ෍ ௙ܭ

ேೡ

௩ಿ೟ಿೝୀଵ

ேೡ

௩భୀଵ

߱଴ 

൞
1
4 ൅ ෍ ቈܿݏ݋ሺܭௗ݊߱଴ሻ ݌ݔ݁ ቈെ 

ሺ݊߱଴ሻଶ

4݇௟
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2
ߨ√

஽ܨௗ݊߱଴ሻܭሺ݊݅ݏ ቆ
݊߱଴
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ቇ቉ 
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௡ୀଵ
௡ ௢ௗௗ

ൢ 

ൌ ෍
௅ିଵܥ

௞ ሺെ1ሻ௞ାଵܭ଴
ᇱ

√݇

௅ିଵ

௞ୀଵ

෍ … ෍ ௙ܭ
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௩ಿ೟ಿೝୀଵ

ேೡ

௩భୀଵ
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൞
1
4 ൅ ෍ ቈܿݏ݋ሺܭௗ݊߱଴ሻ ݌ݔ݁ ቈെ 

ሺ݊߱଴ሻଶ

4݇௟
቉ ൅

2
ߨ√

஽ܨௗ݊߱଴ሻܭሺ݊݅ݏ ቆ
݊߱଴

2ඥ݇௟
ቇ቉ 

ேಷ

௡ୀଵ
௡ ௢ௗௗ

ൢ 

 

where   

଴ܭ
ᇱ ൌ

୭୤୤ߪ

ܣܯߨ2√
ቆ

௠ℓ ݁ܨ

ݍඥ ߨ
ቇ

ே೟ேೝ

൬
ߙ௥ܣ ௦ܧ࣬

௧ܰܣ௕
൰

ቀே೟ேೝ
ଶ  ିଵቁ

 

݇௟ ൌ
݇ሺܧ௦࣬݃ܣܯሻଶ 

2 ௧ܰ
ଶ൫݇ߪ୭୬

ଶ ൅ ୭୤୤ߪ
ଶ൯

 

߱଴ ൌ
ߨ2

ிܶ
 

݃ ൌ
ߙ௥ܣ2

  ௕ܣ

 

APPENDIX  M 

This is the derivation for Eq. (4-87). 

߱ ൌ ට ݔܿ
1 െ  ݔ

߱ଶ െ ߱ଶݔ ൌ  ݔܿ

߱ଶ ൌ ሺܿ ൅ ߱ଶሻݔ 

ݔ ൌ
߱ଶ

ሺܿ ൅ ߱ଶሻ 

ݔ ൌ
1

ቀ ܿ
߱ଶ ൅ 1ቁ

 

 

If ߱ tends to infinity, the value of ݔ is unity. If ߱ is zero, the value of ݔ is also zero.  
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݀߱ ൌ ݀ ቆට ݔܿ
1 െ ݔ

ቇ 

ൌ
1
2

ቀ
ݔܿ

1 െ ݔ
ቁ

ି ଵଶ ቈ
ܿ

1 െ ݔ ൅
െܿݔሺെ1ሻ
ሺ1 െ ሻଶݔ ቉  ݔ݀ 

ൌ
√ܿ
2

൬
1 െ ݔ

ݔ
൰

ଵ
ଶ

൤
1 െ ݔ ൅ ݔ
ሺ1 െ ሻଶݔ ൨  ݔ݀ 

ൌ
√ܿ
2

൬
1 െ ݔ

ݔ
൰

ଵ
ଶ

൤
1 െ ݔ ൅ ݔ
ሺ1 െ ሻଶݔ ൨  ݔ݀ 

ൌ
√ܿ

ሺ1ݔ2 െ ሻݔ
ට ݔ

1 െ ݔ  ݔ݀  

 

APPENDIX  N 

This is the derivation for Eq. (4-89a). 

න ௗ߱ሻܭሺ݊݅ݏ න ൣ݁ି௞೗௛మ ݊݅ݏሺ݄߱ሻ൧
ஶ

଴
݄݀

ஶ

଴
݀߱ 

ൌ න ௗ߱ሻܭሺ݊݅ݏ
1

ඥ݇௟
஽ܨ ቆ

߱
2ඥ݇௟

ቇ
ஶ

଴
݀߱ 

ൌ න ݊݅ݏ ቆܭௗට ݔܿ
1 െ ݔ

ቇ
1

ඥ݇௟
஽ܨ ቆ

1
2ඥ݇௟

ට ݔܿ
1 െ ݔ

ቇ
ଵ

଴

ට ݔܿ
1 െ ݔ

ሺ1ݔ2 െ ሻݔ  ݔ݀ 

ൌ ෍
௤ݔߨ2

ሺ2 ீܰ ൅ 1ሻ ௗ߬௤൯ܭ൫݊݅ݏ
ேಸ

௤ୀଵ

1
ඥ݇௟

஽ܨ ቆ
߬௤

2ඥ݇௟
ቇ

√ܿ
௤൫1ݔ2 െ ௤൯ݔ

 

ൌ
ߨ

ሺ2 ீܰ ൅ 1ሻඥ݇௟
෍

√ܿ ௗ߬௤൯ܭ൫݊݅ݏ

ଶ݊݅ݏ ቂቀ ݍ2 െ 1
2 ீܰ ൅ 1ቁ ߨ

2ቃ
஽ܨ ቆ

߬௤

2ඥ݇௟
ቇ

ேಸ

௤ୀଵ
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න ௗ߱ሻܭሺݏ݋ܿ න ൣ݁ି௞೗௛మ ሺ݄߱ሻ൧ݏ݋ܿ
ஶ

଴
݄݀

ஶ

଴
݀߱ 

ൌ
1
2 ඨ

ߨ
݇௟

න ቊ݁݌ݔ ቆെ
߱ଶ

4݇௟
ቇ ௗ߱ሻቋܭሺ ݏ݋ܿ

ஶ

଴
݀߱ 

ൌ
1
2 ඨ

ߨ
݇௟

1
2

ඥ4݇௟ߨ ݌ݔ݁ ൮െ
ௗܭ

ଶ

4 1
4݇௟

൲ 

ൌ
ߨ
2 ௗܭ൫െ݇௟݌ݔ݁

ଶ൯ 

 

APPENDIX  O 

This is the derivation for Eq. (4-110). 

݀ሾ݂ሺݔሻሿ
ݔ݀ ൌ

ܨߟ

 ܯ ߨ2√
൤ߟ ݁൫√2ߪℓ ݔ ൅ ݈݊ݏߣ ݈݅തതതത  ൅ ݉ℓ ൯ ൅

ܨሺ݈݅ ݏ݉ െ 1ሻ

ܯ
൨

െ   
5
2

൬െ
3

2
൰  ℓߪതതതത  ൅ ݉ℓ ൯√2݈݅ ݏߣ݈݊ ൅ ݔ ℓߪ൫√2݁ ߟ

݌ݔ݁ ൞െ 
ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  െ   ݉௦ ௜௟

ܯ ቃ
ଶ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  ൅   ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

൅ ൅ ݔ ℓߪ2√ ௦ ప௟തതതതതߣ݈݊    ൅ ݉ℓൢ 

൅ 
ܨߟ

 ܯ ߨ2√
൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ ൅

݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ି   ଷଶ
 

 ൞െ ݌ݔ݁
ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  െ   ݉௦ ௜௟

ܯ ቃ
ଶ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  ൅   ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

൅ ൅ ݔ ℓߪ2√ ௦ ప௟തതതതതߣ݈݊    ൅ ݉ℓൢ 

ە
۔

ۓ
െ 

2 ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  െ   ݉௦ ௜௟
ܯ ቃ ℓߪ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯√2݁ߟ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  ൅   ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

൅ 
ቂ݁ߟ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  െ   ݉௦ ௜௟

ܯ ቃ
ଶ

ℓߪ൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ  ൯√2݁ ߟ

2 ൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯  ൅   ݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ଶ ൅   ℓൢߪ2√

ൌ
ܨߟ

 ܯ ߨ2√
൤ߟ ݁൫√ଶఙℓ ௫ ା ௟௡ఒೞ ഢ೗തതതതതത  ା ௠ℓ ൯ ൅

݉௦ ௜௟ሺܨ െ 1ሻ
ܯ ൨

ି   ଷଶ
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ܯ ቃቅ
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൅
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ଶ
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ܯ ൨

ଶ ൅  ℓൢߪ2√

 

 

 

 

 

 

 


